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Abstract 

Coideal subalgebras of the quantized enveloping algebra are sur- 
veyed, with selected proofs included. The first half of the paper studies 
generators, Harish-Chandra modules, and associated quantum homo- 
geneous spaces. The second half discusses various well known quan- 
tum coideal subalgebras and the implications of the abstract theory 
on these examples. The focus is on the locally finite part of the quan- 
tized enveloping algebra, analogs of enveloping algebras of nilpotent 
Lie subalgebras, and coideals used to form quantum symmetric pairs. 
The last family of examples is explored in detail. Connections are 
made to the construction of quantum symmetric spaces. 

The introduction of quantum groups in the early 1980's has had a tremen- 
dous influence on the theory of Hopf algebras. Indeed, quantum groups pro- 
vide a source of new and interesting examples. We shall discuss the reverse 
impact: the theory of quantum groups uses the Hopf structure extensively. 
This special structure is often hidden in the classical setting, while it is 
prominent and fundamental for quantum analogs. 

Let g be a semisimple Lie algebra and write G for the corresponding con- 
nected, simply connected algebraic group. There are two standard types of 
quantum groups associated to g and G. The first is the quantized envelop- 
ing algebra which is a quantum analog of the enveloping algebra of g. The 
second is the quantized function algebra which is a quantum analog of the 
algebra of regular functions on G. We will be focusing on a particular aspect 
of the Hopf theory of both types of quantum groups: the study of (one-sided) 
coideal subalgebras. 
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One of the reasons coideal subalgebras are so important in the study of 
quantum groups is that quantum groups do not have "enough" Hopf subal- 
gebras. This shortage of Hopf subalgebras is especially notable for quantized 
enveloping algebras. Consider a Lie subalgebra t of the Lie algebra g. The 
enveloping algebra U{t) of t is a Hopf subalgebra of U{g). However, upon 
passage to the quantum case, f/g(t), even when it is defined, is often not iso- 
morphic to a Hopf subalgebra of Uq{g). In many cases, there are subalgebras 
of Uq{g) which are not Hopf subalgebras but are still good quantum analogs 
of U{t). Moreover, these subalgebras often turn out to be coideals. For ex- 
ample, let g = n~ © h © n+ be the triangular decomposition of g. There is a 
natural subalgebra of Uq{g) which is an analog of the subalgebra [/(n+) 
of U{g). This subalgebra is a coideal but is not a Hopf subalgebra of 
the quantizing enveloping algebra. Of more interest to us is the fixed Lie 
subalgebra g^ corresponding to an involution 9 of g. In the classical case, 
the symmetric pair g^, g is used to form symmetric spaces. However, in the 
quantum case, Uq{g^) does not usually embed inside of Uq{g). Thus it was 
initially unclear how to develop the theory of quantum symmetric spaces. In 
[K] , Koornwinder constructed two-sided coideal analogs of g^ in type Ai and 
used them to produce quantum symmetric spaces. More families of coideal 
analogs were discovered in [N], [NS],[DN], and [LI]. In [L2], a uniform ap- 
proach was developed in the maximally split case using one-sided coideal 
subalgebras of the quantized enveloping algebra. The one-sided coideal con- 
dition turned out to be critical in characterizing these quantum analogs of 
U{g'). 

Quantum symmetric spaces were first defined using the quantized func- 
tion algebra. (See for example [KS, 11.6.3 and 11.6.4].) Koornwinder's work 
[K] inspired the development of a quantum symmetric space theory using 
analogs of g^ contained in Uq{g). The axiomatic theory of quantum symmet- 
ric spaces (see [Di]) proceeded more rapidly than the discovery of a general 
way to construct examples. Indeed, Dijkhuizen [Di, end of Section 3] outlined 
the desirable properties that analogs of g^ contained in Uq{g) should have 
in order to form "nice" quantum symmetric spaces. As in Koornwinder's 
work [K], one of the key properties is the coideal condition. Another cru- 
cial property of an analog is that its finite-dimensional spherical modules be 
characterized in a similar way to the characterization in the classical case. 
This is obtained in [L3] for the coideal subalgebras of [L2]. The proof uses 
quantum Harish- Chandra modules associated to quantum symmetric pairs. 
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The coideal condition plays a prominent role in defining and developing the 
theory of quantum Harish-Chandra modules ([L3]). 

This paper is based on a talk given at the MSRI Hopf Algebra Workshop. 
It offers a panorama of the use of coideal subalgebras in constructing quan- 
tum symmetric pairs, in forming quantum Harish-Chandra modules, and in 
producing quantum symmetric spaces. In the first half of the paper, we 
present topics in the general theory of quantum coideal subalgebras. Sec- 
tion 1 sets notation and presents some basic facts about coideal subalgebras 
inside arbitrary Hopf algebras. In Section 2, we define Harish-Chandra mod- 
ules associated to quantum "reductive" pairs. We prove a basic result: every 
Uq{g) module contains a large Harish-Chandra module associated to a quan- 
tum reductive pair. In Section 3, we discuss how coideal subalgebras of the 
quantized enveloping algebra can be used in the dual quantum function al- 
gebra setting. Connections are made to the theory of quantum homogeneous 
spaces. Section 4 studies filtrations on the quantized enveloping algebra and 
their impact on coideal subalgebras. As a result, we obtain a nice description 
of the generators of a coideal subalgebra under mild restrictions. 

The final three sections are devoted to specific coideal subalgebras of 
the quantized enveloping algebra. Section 5 discusses the locally finite part, 
F{U), of Uq{g). It is well known that the classical enveloping algebra U{g) 
can be written as a direct sum of finite-dimensional ad g modules. This result 
plays an important role in understanding the structure of U (g) and classifying 
its primitive ideals. Unfortunately, the quantized enveloping algebra contains 
infinite dimensional Uq{g) modules with respect to the adjoint action. Thus 
it is often necessary to use the locally finite part, F{U), which is the maximal 
subalgebra of Uq{g) that can be written as a direct sum of finite-dimensional 
simple ad Uq{g) modules. This algebra F{U) is not a Hopf subalgebra of 
Uq{g), but it is a coideal. The structure of this coideal subalgebra is briefiy 
reviewed with some consideration for the implications of the results of Sec- 
tion 4. Certain quantum Harish-Chandra modules defined originally in [JL3] 
using F{U) are elucidated in terms of the general approach presented in Sec- 
tion 2. Section 6 considers coideal subalgebra analogs of enveloping algebras 
of nilpotent and parabohc Lie subalgebras of g. Much of the material in this 
section is based on [Ke]. The last part. Section 7, is devoted to the theory 
of quantum symmetric pairs. This material is largely drawn from [L2] and 
[L3] . However, since the papers appeared, we have found simpler approaches 
which are presented here with many proofs included. We show how to lift a 
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maximally split involution ^ of g to the quantum setting. Exploiting this lift, 
we define a coideal subalgebra Bg of Uq{g). As in [L2], Bg is characterized 
as the "unique" maximal coideal subalgebra of Uq{g^) which speciahzes to 
U{g^) as q goes to 1. Using the results of Section 4, we give a new proof of 
this uniqueness theorem which does not involve the intricate specialization 
arguments found in [L2] . We also take the opportunity to make some correc- 
tions in the case work necessary to make the uniqueness tight. Results on the 
Harish- Chandra module and quantum symmetric space theory associated to 
these pairs are described. 

Acknowledgement. Part of this paper was written while the author spent 
a month as a visiting professor at the University of Rheims. The author 
would like to thank the mathematics department there for their hospitality 
and J. Alev for his valuable comments. The author would also like to thank 
the referee for a painstakingly careful reading of the first draft and many 
useful suggestions. Finally, the author would like to thank Dan Farkas whose 
support transcends multiple revisions. 

1 Background and Notation 

Let if be a Hopf algebra over a field k with comultiplication A, antipodal 
map a, and counit e. Given any a E H, write A{a) = ^2(^(1) ® '^(2) using 
Sweedler notation. A vector subspace / of if is called a left coideal if 

A(I) CH0I. 

Similarly, I is called a right coideal if Z\(i) C i ® H. In particular, a left 
(resp. right) coideal is a left (resp. right) H comodule contained in H. If I 
is both a left (resp. right) coideal and a subalgebra of if, then we simply say 
that / is a left (resp. right) coideal subalgebra. There is also a notion of two 
sided coideals but those arc generally not considered here. We will usually 
choose to discuss left coideals and left coideal subalgebras; analogous results 
can be proved for the right-handed versions. 

We first present two general results about coideals inside of an arbitrary 
Hopf algebra. First, assume that H contains the group algebra kG of a group 
G. Choose a vector space complement Y to kG in H. Let P be the projection 
map of H onto kG as vector spaces using the decomposition H = kG © Y. 
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Assume that is a left kG comodule where the comodule structure comes 
from the comultiphcation and the projection P. In particular, H is the direct 
sum of vector subspaces Hg where 

(1.1) {P®Id)A{Hg)^g®Hg. 
Given any left coideal / of H, set Ig — I (1 Hg. 

Lemma 1.1 A left coideal I contained in H is equal to a direct sum of the 
vector spaces Ig. Thus I is a left kG comodule. 

Proof: Write a G / as a = I^ggc where each ag e Hg. The lemma follows 
if we show that each ag e /. By (1.1), 

A{a) eJ29^ag + Y^H. 

geG 

The coideal property now ensures that each ag & I. □ 

Every Hopf algebra H comes equipped with a (left) adjoint action. Using 
this adjoint action, H becomes an (ad H) module. In particular, given a,b & 
H, 

(1.2) (ada)6 = 5I"{l)^'^("(2))■ 
In the quantum case, it is often interesting to consider ad-invariant coideals. 
The following result (which is basically [Jo, Lemma 1.3.5]) is particularly 
useful. 

Lemma 1.2 Let I be a left coideal in H and let M be a Hopf subalgebra of 
H . Then (adM)/ is an ad M invariant left coideal of H. 

Proof: First note that ([Jo, 1.1.10]) 

(1.3) Zi(a(a)) =^a(a(2))®a(a(i)). 
Hence 

A{{ada)b) = A{J2a(i)ba{a^2))) = ® (a(2)&{2)0-(a(3)))- 

The result follows from the fact that Z\(a(2)) = J2(i{2) ® 0(3)- ^ 
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Before defining the quantized enveloping algebra, we recall some basic 
facts about semisimple Lie algebras. Denote the set of nonnegative integers 
by N, the complex numbers by C, and the real numbers by R. Let g be a 
complex semisimple Lie algebra with triangular decomposition n~ © h © n"*". 
Write hi, . . . ,hn for a basis of h*. Let A denote the root system of g and write 
A"*" for the set of positive roots. Recall that A is a subset of h*. Furthermore, 
n+ (resp. n^) has a basis of root vectors {e^|/9 G A+} (resp. G A+}). 

These root vectors are common eigenvectors, called weight vectors, for the 
adjoint action of h on g. In particular, (ad/ii)e/3 = [hi, 613] — (5{hi)ep and 
(ad/ij)/_/3 = [hi, f^p] = —f5(hi)f^i3 for each j3 G A"*". We further assume that 
{e/3, f-a\l3 G A+}U{/ii, . . . , is a Chevalley basis for g ([H, Theorem 25.2]). 
Let 7r = {ai, . . . , denote the set of simple roots in A+ and ( , ) denote the 
Cartan inner product on h*. Recall further that ( , ) is positive definite on 
the real vector space spanned by tt. The set tt is a basis for h*. Given G tt, 
we write Cj (resp. fi) for e^^ (resp. f-aj- The Cartan matrix associated to 
the root system A is the matrix with entries aij = 2{ai,aj)/{ai,ai). (The 
reader is referred to [H, Chapters II and III] for additional information on 
semisimple Lie algebras and root systems.) 

Let q be an indeterminate and set qi = Let [m]q denote the 

q number (g"^ — q~"^)/{q — q~'^) and [m]q\ denote the q factorial [m]g[m — 
1]^ • • • [l]q. The q binomial coefficients are defined by 



The quantized enveloping algebra U — Uq{g) is generated by xi,...,Xn, 
tf^, . . . , t^^, yi, . . . ,yn over C{q) with the relations listed below (see for ex- 
ample [Jo, 3.2.9] or [DK, Section 1]). 

(1.4) XiVj - iijXi = 5ij{ti - ti^)/iqi - q'^) for each l<i<n. 

(1.5) The tf^, . . . , t^^ generate a free abelian group T of rank n. 

(1.6) tiXj — q'^°'^'°'^^Xjti and Uyj — q~^°'''°'^^yjti for all I < i,j < n. 

(1.7) The quantum Serre relations: 



m 




J 



E(-i) 



m 



1—aij—m 
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and 

for all I < i, j < n with i ^ j. 

The algebra U is a Hopf algebra with comultiplication A, antipode a, 
and counit e defined on generators as follows. 

(1.8) A{t) = i i e(i) = 1 a{t) = for all t in T 

(1.9) A{xi) = Xi(g)l + ti0Xi e{xi) = a{xi) = -t~^Xi 
(1.10) Zl(|/,) = + 1 e(|/,) = aivi) = -y.^i 

for 1 < i < n. 

It is well known that the algebra U specializes to U{g) as q goes to 1. 
This can be made more precise as follows. Set A equal to C[q, q~^{q^i)- Let 
U be the A subalgcbra of U generated by Xi, iji, tf^, and (tj — l)/(g — 1) for 
1 < i < n. Then U ®^ C is isomorphic to U{g). (See for example [L2, 
beginning of Section 2]). Given a subalgebra 5" of C/, set 5' = 5" fl U. We say 
that 5" speciahzes to the subalgebra S oi U (g) if the image oi S in U (g)^ C 
is S. 

Set Q{7i) equal to the integral lattice generated by tt. Let (5^(7r) (resp. 
Q^{n)) be the subset of Q{n) consisting of nonnegative (resp. nonpositive) 
integer linear combinations of elements in tt. The standard partial ordering 
on the root lattice Q{7r) is defined by A > provided A — is in Q~^{7r). 
Let P"''(7r) denote the set of dominant integral weights associated to vr. In 
particular, A G h* is an element of P^{7i) if and only if 2(A, Q;j)/(«i, Oj) is a 
nonnegative integer for all 1 < i < n. There is an isomorphism r of abelian 
groups from Q{7r) to T defined by T{ai) — ti, ior 1 < i < n. Using this 
isomorphism, we can replace condition (1.6) with 

(1.11) T{X)xiT{X)-' = and T{X)yiT{X)-' = g-^^'^'^i 

for all r(A) G T and 1 < i < n. 

Let M be a f/ module. A nonzero vector v G f/ has weight 7 G h* 
provided that r(A) • v = q^-^'^^v for all r(A) G T. Given a subspace V C M, 
the subspace of V spanned by the 7 weight vectors is called the 7 weight 
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space of V and denoted by V^. Now U can be given the structure of a f/ 
module using the quantum adjoint action (1.2). Let v be an element of U. 
We say that v has weight 7 provided that it is a 7 weight vector in terms of 
this adjoint action. In particular, v has weight 7 if t{X)vt{X)~^ — q^^''^^v for 
all r(A) e T. 

Let be the subalgcbra of U generated by Xit^^, . . . ,Xnt^^. Similarly, 
let U~ be the subalgcbra of U generated by . . . , Let U° be the group 
algebra of T. It is well known that both U~ and are a direct sum of 
their weight spaces. The quantized enveloping algebra U admits a triangular 
decomposition. More precisely, there is an isomorphism of vector spaces 
using the multiplication map ([R]): 

(1.12) U^U- ®U"®G+. 

It follows that there is a direct sum decomposition 

(1.13) U^^U-G+t. 

teT 

Let (resp. U^) denote the augmentation ideal of (resp. U") and 
set Y equal to the vector space (U^G^U° + U~G~\U°). The direct sum 
decomposition (1.13) implies that 

(1.14) U^U°®Y. 

Using the definition of the comultiplication of t/, it is straightforward to 
check that for any h e U~G^t 

A{b) et^b + Y ^U. 

Thus the projection of A{U) onto U° ®U makes U into a left U° comodule 
with Ut — U~G'^t. Hence we have the following version of Lemma 1.1 for 
quantized enveloping algebras. 

Lemma 1.3 Let I be left coideal of U. Then 

7 = 0(/nc/-G+i). 

teT 
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2 Harish- Chandra modules 



Consider a Lie subalgebra k of the semisimple Lie algebra g. A Harish- 

Chandra module associated to the pair g, k is a g module which can be writ- 
ten as a direct sum of finite-dimensional simple k modules. Harish-Chandra 
modules are an important tool in classical representation theory. This is 
especially true when g, k is a symmetric pair. Harish-Chandra modules asso- 
ciated to symmetric pairs provide an algebraic approach to the representation 
theory of real reductive Lie groups. 

There is a nice introduction to the theory of Harish-Chandra modules 
presented in [D, Chapter 9] from an algebraic point of view. The first section 
of [D, Chapter 9] only assumes that k is reductive in g. A basic result which 
is used repeatedly in this chapter of [D] is the following. 

Theorem 2.1 ([D, Proposition 1.7.9]) The direct sum of all the finite- di- 
mensional simple k modules inside a g module is a Harish-Chandra module 
for the pair g, k. 

This theorem allows one to find large Harish-Chandra modules inside of 
infinite-dimensional g modules. Its proof uses the fact that k is reductive in 
g and that U (g) is a locally finite ad U (g) module. 

In the quantum setting, C/g(k) is not always a subalgebra of Uq{^g) when k 
is a Lie subalgebra of g. However, one often finds a quantum analog of U (k) 
which is a one-sided coideal subalgebra of Uq{^g). Thus any good theory of 
quantum Harish-Chandra modules must work for pairs t^g(g), / where / is a 
one-sided coideal subalgebra of C/g(g). In order to begin such a theory, it is 
necessary to have an analog of Theorem 2.L This presents two difficulties. 
The first is that f/, in contrast to the classical situation, is not a locally finite 
ad U module. (We will return to this obstruction in Section 4.) The second 
is: what does it mean for a coideal subalgebra to be reductive in [/? 

In this section, we present a quantum version of Theorem 2.1 using the 
locally finite part F{U) of U and a certain condition on coideal subalgebras 
which substitutes for reductivity. The material of this section is based on [LI, 
Section 4] and [L3, Section 3] . This result sets the stage for the development 
of a quantum Harish-Chandra module theory. Indeed, the author has checked 
that many of the results of [D, Section 9.1] and their proofs carry over to 
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coideal subalgcbras satisfying this quantum version of Theorem 2.1. Some 
properties of quantum principal series modules analogous to those in [D, 
Section 9.3] are proved in [L3, Section 6]. Spherical modules (see [D, 9.5.4]) 
have been classified in the quantum case (see Section 7, Theorem 7.7 and 
[L3, Section 4]). This is discussed further in Section 7. 

Recall the definition of the adjoint action (1.2) and define 

(2.1) F(U) ^{veU\ dim(adC/)^; < oo}. 

By [JLl, Corollary 2.3, Theorem 5.12, and Theorem 6.4], F{U) is an algebra, 
it can be written as a direct sum of finite-dimensional simple U modules, and 
it is "large" in U. It is also true that F(U) is a left coideal of C/, a subject 
we will return to in Section 5. 

Fix a left coideal subalgebra I oiU . Note that 

F{U)l^{Y,hn\heF{U),nel} 

is also a subalgebra of U . This follows from the fact that rf = J2 ^"(1)^(^(2))/ = 
X]((adr(i))/)r(2) for any r G / and / G F{U). Since / is a left coideal, each 
r(2) G /. Furthermore the ad-invariance of F{U) implies that (adr(i))/ is in 
F{U). We use F{U)I to define Harish- Chandra modules. 

Definition 2.2 A Harish- Chandra module for the pair U, I is an F{U)I 
module which is a direct sum of finite- dimensional simple I modules. 

Let us take a closer look at the condition that k is reductive in g. Reduc- 
tivity means that (adk) acts semisimply on g. This assumption is enough to 
prove that k is itself reductive and that the center of k can be extended to 
a Cartan subalgebra of g. It is unclear what the corresponding assumption 
in the quantum case, namely that (ad/) acts semisimply on F{U), implies. 
It seems unlikely that this assumption alone will yield an analog of Theorem 
2.1. 

Of course, there would be no problem if / acted semisimply on all finite- 
dimensional / modules. When I turns out to be a Hopf subalgebra of U 
isomorphic to a quantized enveloping algebra of a semisimple Lie subalgebra 
of g, this is certainly true. However, complete reducibility does not hold 
in general for the large class of coideal subalgebras considered in Section 7. 
Thus we need a replacement for the notion of reductive in g. This substitute 
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is invariance under the action of a certain conjugate linear antiautomorphism 
of U. 

Let K denote the conjugate hnear form of the quantum Chevalley an- 
tiautomorphism. In particular, let f/R(q) denote the R(g) subalgebra of U 
generated by Xi,yi,tf^, for 1 < i < n. The antiautomorphism k of f/R(g) is 
defined by K{xi) = y,iti, K{yi) = t^^Xi and K,(t) = t for all t E T. We then 
extend k, to U using conjugation. More precisely, given a G C, write a for 
the complex conjugate of a. Set q — q. Then K{au) = aK{u) for all u e U^K^q). 

It is straightforward to check using (1.8), (1.9), and (1.10) that 

(2.2) A{K{b)) = {K®K)A{h) 

for all b E U. Moreover k gives U the structure of a Hopf * algebra where 
* = K ([CP, Section 4.1F ]). 

For the remainder of this section, we assume that / is a left coideal 
subalgebra such that k{I) — I. Thus one can think of / as a * subalgebra of 
U. 

The field R(q') can be made into a real ordered field ([J, Section 11.1]) 
where the positive elements arc defined as follows. Write a polynomial f{q) 
in the form {q — l)*(/„i(g — 1)™" H — ■ + /i(q' — 1) + /o) where each /j G R and 
m, s G N. Then f{q) is positive if and only if /o > 0. An element h G R(5) is 
positive if and only if h can be written as a quotient of positive polynomials. 
This induces a total order on R(g). 

We next specify a class of "nice" finite-dimensional / modules. 

Definition 2.3 An I module W is called unitary if it admits a sesquilinear 
form Sw (i-e. linear in the first variable and conjugate linear in the second 
variable) such that 

(i) Swiav, w) = Sw{v, K,{a)w) for all a E I and v,w inW 

(a) Sw{v,v) is a positive element o/R(g) for each nonzero vector v E W 

(Hi) Swiv,w) — Swiwjv) for all V and w inW. 

Let be a finite-dimensional unitary / module. Choose a nonzero vec- 
tor V E W such that Sw{v,v) — 1. Now suppose that w E W such that 
Sw{w,v) — 0. By Definition 2.3(in), it follows that Sw{v,w) also equals 
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zero. Hence one can show using induction that W has an orthonormal basis 
with respect to 5*1^. 

The following result and its corollary show that / has an extensive family 
of unitary modules, namely the finite-dimensional simple / submodules of 
any finite-dimensional simple U module. 

Theorem 2.4 Every finite- dimensional unitary I module can be written as 
a direct sum of finite- dimensional simple unitary I modules. 

Proof: Let 14^ be a finite-dimensional unitary / module with sesquilinear 
form S = Sw as in Definition 2.3. Let V be a finite-dimensional simple 
/ submodule inside of W. By Definition 2.3, the restriction oi S to W 
again satisfies conditions (i), (n), and (ni). Furthermore, Definition 2.3(i) 
implies that the orthogonal complement W-^ of W with respect to S is an 
/ module. Hence V = W (B W^, a direct sum of unitary / modules with 
smaller dimension. The proof follows by induction on dim V. □ 

Corollary 2.5 Every finite- dimensional simple U module V is a Harish- 
Chandra module for the pair U , I. 

Proof: Let F be a finite-dimensional simple U module. It is well known 
that finite-dimensional U modules are a direct sum of their weight spaces. 
Moreover, the weight space of maximal weight is one dimensional. Let v be 
a basis vector for this highest weight space and note that v generates V as 
a U module. The vector v is called a highest weight generating vector of V . 
Recall that denotes the augmentation ideal of U~ . Note that U^v is the 
subspace of V spanned by those weight vectors whose weights are strictly 
less than that of v. Furthermore, V is the direct sum of C>{q)v and U^v. 

Let If be the projection of U onto U° using the direct sum decomposition 
U = U" ®Y (1.14). Define a sesquilinear form S onV hy S{v,v) = 1 and 
S{av,bv) = S{v,ip{K,{a)b)v) for all a,b & U. Since ip{b) ~ for all b in U^, 
it follows that S{v, U^^v) — 0. 

Note that S satisfies Definition 2.3(i). As in say ([LI, Lemma 4.2]), S 
specializes to the classical positive definite Shapovalov form of [Ka, 11.5 and 
Theorem 11.7]. Thus ([LI, Lemma 4.2]) S{w,w) ^ for any nonzero vector 
w eV. It is straightforward to check that S restricts to a R(g) bilinear form 
on U-R(^q)V. Moreover, S restricted to U-R[q) takes values in R[q', 
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Let w be an element in U-R(q)V. We can write S{w,w) = f{q) with f{q) in 
R[g, Since tlie specialization of S is positive definite, we must have 

that /(I) > 0. It follows that f{q) > 0. This fact and the nondegeneracy 
property implies that S satisfies Definition 2.3(ii). 

Recall the direct sum decomposition (1.14) of U. Note that k,{Y) = Y and 
K{a) = a for all a G f/° fl f/R(g)- Therefore Lp{K,{b)) = ip{h) for all h G f^R(y)- 
It follows that S is symmetric when restricted to L^R(g)t'. In particular, S 
satisfies Definition 2.3(ni). Thus F is a unitary I module. The result now 
follows from Theorem 2.4. □ 

Note that we cannot expect A{I) to be a subset ol I ® I. Hence the 
tensor product of two / modules does not necessarily admit an action of / 
via the comultiplication of U . However, since / is a left coideal, the tensor 
product V ®W o{ a,U module V with an / module W is axi I module. In 
particular, a{v ®w) =Y1 ci(i)V ® a{2)W ior aW. v ® w & V ®W and a & I. The 
next lemma shows that the notion of unitary behaves well with respect to 
the tensor product of a C/ module with an I module. 

Lemma 2.6 Let V be a finite- dimensional U module and let W be a finite- 
dimensional unitary I module. Then V <S>W is a finite- dimensional unitary 
I module. 

Proof: Let Sy (resp. Sw) denote the scsquilinear form on V (resp. W) 
satisfying the conditions of Definition 2.3. Define a sesquilinear form S = 
Sv^w on V <SiW by setting S{a (8) 6, a' (8) b') — Sv{a, a')Sw{b, b'). It is easy to 
check Definition 2.3(iii) holds for S. Let {vj} be an orthonormal basis for V 
with respect to Sy and let {wi} be an orthonormal basis for W with respect 
to Sw Then S{J2 hjVi ® Wj, X) bijVi (g) Wj) = bifiij- Thus Definition 2.3(n) 
holds for S. Condition (2.2) on k ensures that S satisfies Definition 2.3(i). In 
particular, for c& I,we have S{c{a(S>b),a' <S>b') = S{J2c(i)a®C(2)b,a' (S>b') — 
S{a (8) 6, E «(c(i))a' (g) k(c(2))6') = S{a b, K{c){a' (g) b')). □ 

We now obtain a quantum analog of Theorem 2.1. 

Theorem 2.7 The sum of all the finite-dimensional simple unitary I mod- 
ules inside of the F{U)I module M is a Harish- Chandra module for the pair 
U,I. 
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Proof: Assume that is a finite-dimensional simple unitary / module 
contained in M. It suffices to show that the F{U)I module generated by 
is a direct sum of finite-dimensional simple unitary modules. Note that 
F{U)IW = F{U)W = IF{U)W is an / module. The vector space F{U)0W 
is also an / module where the action is given by 

a • (/ (8) w) = ^(ada(i))/ (g) a(2)W 

for all / G F{U), w G W, and a E I. Furthermore, F{U)W is a homomorphic 
image of the / module F[U) ®W . Recall that F{U) is a direct sum of finite- 
dimensional simple (ad U) modules. By Corollary 2.5, each finite-dimensional 
simple (ad U) module is a unitary I module. Thus by Lemma 2.6, F{U) (8) 
W, and hence F{U)W, splits into a direct sum of finite-dimensional simple 
unitary / modules. □ 

Let TYr be the set of all Hopf algebra automorphisms of U which restrict 
to a Hopf algebra automorphism of f/R(g). Let T G TYr. Suppose that I is 
a left coideal subalgebra such that T~^k.T{I) = L Then the results of this 
section hold for I where we define unitary I modules using T'^kT instead 
of K. 

3 The Dual Picture 

In this section, we consider the connection between coideal subalgcbras of 
U and coideal subalgebras inside the Hopf dual of U. The results presented 
in this section are well known and are related to the theory of quantum 
homogeneous spaces. A good reference for most of the material presented 
here and for other basic results about quantum homogeneous spaces is [KS, 
Chapter 11] (see also [Jo, 1.4.15]). 

Let Rq[G] denote the quantized function algebra of the connected, simply 
connected algebraic Lie group G with Lie algebra g. (See [Jo, Section 9.1] 
for a precise definition.) Note that up to a finite group, Rq[G] is the Hopf 
dual of U. Furthermore, Rq[G] satisfies a Peter- Weyl theorem ([Jo, 9.1.1 and 
1.4.13]). That is, there is an isomorphism of U bimodules 

(3.1) Rq[G]= L(A)®L(A)*. 

AeP+(7r) 
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Here L{X) is the (left) finite-dimensional simple U module with highest weight 
A contained in the set P^{n) of dominant integral weights. Moreover, L{X)* 
is thought of as a right U module. Thus, the right U module action on Rq[G] 
comes from the action of U on L{X)*, while the left action comes from the 
action of U on L{\). 

Given a left coideal I of U and a (left) U module M, a (left) invariant is 
an m G M such that am = e{a)m for all a E I. Write M/ for the collection 
of all left invariants in M. Equivalently, M/ is equal to the elements of 
M annihilated (on the left) by the augmentation ideal of /. Consider the 
special case where / is the quantum analog of the enveloping algebra of a Lie 
subalgebra of g corresponding to a subgroup H of G. Then Rq[G]j is often 
written as Rq[G/H]. In particular, Rq[G/H] is thought of as the quantized 
function algebra on the quotient space G/H. 

Theorem 3.1 For any left coideal I ofU, Rq[G]i is a left coideal subalgebra 

ofRqlG]. 

Proof: Let 0, 0' be elements of and r an element of /. We first show 

that 00' is also in Rq[G]l. To see this, consider 

r.(#')=E(ni)-'/')(n2) •</-') 

= 11(^(1) ■ 0)e('^(2))0' = (r ■ = e{r)<p<j)' 

We now check the coideal condition. One can show using the precise 
definition of the action of U on Rq[G] and the coalgebra structure of Rq[G] 
that 

(3.2) A{r -4))^ {I® r)A{(t)) = ^ ® r ■ 0(2). 
On the other hand, 

(3.3) A{t ■ ct>) = A{e{r)<t>) = E'^(i) ® ^W'^(2)- 

Since we can choose the 0(i) to be linearly independent, (3.2) and (3.3) force 
r • 0(2) = e(r)0(2). Thus each 0(2) E Rq[G]l. □ 

In [KS, Chapter 11.6], a quantum homogeneous space associated to Rq[G] 
is defined up to isomorphism as a one-sided coideal subalgebra of Rq[G]. 
(Note that quantum homogeneous spaces are actually quantum analogs of 
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the algebra of regular functions on classical homogeneous spaces.) Thus the 
theorem above shows there is a left quantum homogeneous space, 
associated to each left coideal subalgebra /. Using the Peter- Weyl decompo- 
sition (3.1), we obtain the following nice description of Rq[G]j. 

(3.4) R,[G]i= L{X)i^L{Xy. 

AeP+(7r) 

Now Rq[G]j is the set of left / invariants of Rq[G]. We may similarly 
define the set of right / invariants Using the fact that the right 

action satisfies A((f)-r) — A((/)) • (r ^ 1) , the same argument as in the proof of 
Theorem 3.1 shows that Rq[G]l is a right coideal subalgebra of Rq[G]. One 
may also study the set of bi- invariants Rq[G]l^ = Rq[G]j fl As above, 

Rq[G]lj^ is a subalgebra of Rg[GY . However, it is not a coideal. 

4 Generators and Filtrations 

Consider the Hopf algebra U{L), the universal enveloping algebra of a com- 
plex Lie algebra L. Since U{L) is cocommutative, the one-sided coideal 
subalgebras of U{L) are exactly the subbialgebras of U{L). It is very easy to 
understand the coideal subalgebras of U {L) . Indccd,the next observation is 
well known. It follows from say [Mo, Theorem 5.6.5] and the fact that every 
subcoalgebra of ^7(L) is connected ([Mo, Definition 5.1.5 and Lemma 5.1.9]). 
(Theorem 5.6.5 of [Mo] is stated for Hopf algebras, however, the proof also 
works for bialgebras.) 

Theorem 4.1 The set of (left) coideal subalgebras of U{L) is the set of en- 
veloping algebras U{L') of Lie subalgebras L' of L. 

An immediate consequence of the above result is that any coideal subal- 
gebra of U (L) is generated by elements of the underlying Lie algebra L. We 
would like to obtain a similar result for coideal subalgebras of the quantized 
enveloping algebra. However, passing to the quantum case, the situation 
becomes more complicated. Indeed the coalgebra structure is not cocommu- 
tative for quantized enveloping algebras. So the set of coideal subalgebras of 
the quantized enveloping algebra is much larger than the set of subbialgebras. 
By analyzing and deepening Lemma 1.3 and studying the comultiplication 
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of U, we are able to obtain detailed information about coideal subalgebras 
and their generators. 

The next result is known as well. It describes the coideal subalgebras of 
a group algebra. 

Lemma 4.2 Let I be a (left) coideal subalgebra of the group algebra of the 
group G. Then I (IG is a semigroup and I fl kG is spanned by I (IG as a 
vector space. 

We introduce two subalgebras of U which are similar to and G^. Let 
f/"^ be the subalgebra of U generated hj xi, . . . , Xn and G^ be the subalgebra 
of U generated by yiti, . . . ,yntn- Once again, we have that and G~ are 
a direct sum of their weight spaces. We may replace U" by G~ and G"*" by 
[/+ to obtain the following version of the triangular decomposition. 

(4.1) U^G-(^U"(^ U+. 

In this section, we show how to break up a coideal subalgebra into three parts 
corresponding to coideal subalgebras of G~, U°, and f/+ respectively. First, 
however, we obtain basic properties of coideal subalgebras of G~ and f/"*". 

Using the formulas for comultiplicaton (1.8), (1.9), and (1.10), it is straight- 
forward to check that G~ and [/+ are left coideal subalgebras of U. Consider 
now an arbitrary coideal subalgebra J oi U which is either a subset of G~ 
or U~^. Note that if J is also an adT module, then J can be written as a 
direct sum of its weight spaces. We obtain a nice result on the generators of 
J analogous to Theorem 4.1 when J is an adT module. 

Lemma 4.3 Let J be an adT submodule and a coideal subalgebra of G~ 

(resp. U~^). Then there exists a subset A' of A"*" and weight vectors 
of weight —7, 7 G A' (resp. e^ of weight 7 G A'^ which generate J as an 
algebra. Moreover, each f-^ (resp. e^) specializes to the root vector 
(resp. ey) as q goes to 1. 

Proof: Note that the weight spaces of G~ are finite-dimensional. Hence J 
has finite-dimensional weight spaces. Let J denote the specialization of J as 
q goes to 1. Consider a weight space of J. We have that = U H = 
G~ n J^. Also, G" is a free A module and A is a principal ideal domain with 
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unique maximal ideal generated by (g — 1). Hence one can find a basis for 
which is a subset of Jf^ and remains linearly independent modulo {q — 1)IJ . 
In particular, the specialization of this basis as q goes to 1 is a basis for J^. 
Hence the weight spaces of J have the same dimension as the weight spaces 
of J. 

Note that the comultiplication of U specializes to the comultiplication of 
t/(g). Hence J is a coideal subalgebra of f/(n~). By Theorem 4.1, J is an 
enveloping algebra of a Lie subalgebra, say a, of n~. Now J is a direct sum 
of its weight spaces. Hence there exists a subset A' of A+ such that the set 
{/_^|7 e A'} is a basis of a. Thus for each 7 e A', we can find a vector 
of weight —7 in J such the image of under specialization is /_-y. Write 
A' = {71, . . . , 7m}- A standard argument shows that the set 

Br, = {/\ . . . e N for 1 < j < m and ii7i + . . . + imlm = ??} 

is a basis for the —rj weight space of U{a.). Furthermore B = U^i3^ is a basis 
for U (a) . Since the dimensions of the —rj weight spaces of U (a) and J agree, 
the corresponding set with / playing the role of / is a basis of J^. Thus 
the set i3 = U^i3^ is a basis for J. It follows that the /_^, 7 e A' generate J 
as an algebra. 

The same analysis applies to coideal subalgebras of f/+. □ 

The direct sum decomposition (1.13) can be made finer using weight 
spaces. It is well known that the set of weights of and equals Q~^{Tr) 
and the set of weights of G~ and U~ equals Q~{7r). Thus there are direct 
sum decompositions 

(4.2) U = ®x,,U-_^GlU" and U = ®x,^,tUl^Gp 

where A and run over elements of Q'''(vr) and t runs over elements in T. 
Let tta,^ be the projection of U onto the subspace UZ\G^U° . Write [A,/i] for 
a typical element in Q{ti) x Q{ti) (so as to avoid confusion with the Cartan 
inner product). 

Consider elements c e UZ\ and d e G^. It follows from the definition 
of the comultiphcation map on the generators of C/ ((1-8), (1.9), and (1-10)) 
that 

(4.3) (tta,^ ® Id)A{cd) ^cd® t(-A - ^J^) 
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(4.4) {TTxfi^ Id)A{cd) = J2c®T{-X)d 



(4.5) {ttq,^ (8) Id)A{cd) ^Y.d®CT{-p). 

In the next theorem, we consider coideal subalgebras of U which behave 
rather nicely in terms of the second decomposition in (4.2). 

Theorem 4.4 Let I he a left coideal subalgebra of U such that 

(4.6) / - E n C/r,G+t) 

and I r\T is a group. Then I fl G~ , I fl U° , and I fl are adT submodules 
and left coideal subalgebras of I. Moreover, the multiplication map induces 
an isomorphism 

/ ^ (/ n G") ® (/ n u+) (^{in u°) 

of vector spaces. 

Proof: Since /, G~, ?7°, and are all left coideal subalgebras, so are /flG", 
lnU°, and / n Note that every element in UZ^G'l^t is a weight vector of 
weight —X + ijl. Thus / is a direct sum of its weight spaces and / is an ad T 
module. It follows that / H G~ , I fl U", and I H are all adT modules. 

The triangular decomposition of U (4.1) ensures that the multiplication 
map induces an injection 

(/ n G-) (g) (/ n u+) ^{inu")^! 

of vector spaces. We obtain an isomorphism by showing that each element 
of / is contained in (/ n G-){I n U+){I D U°). 

Recall the direct sum decomposition of / given in Lemma 1.3. Let h be 
an element of / fl UZ\G'^t where t E T. There exists q G UZ^ and di G so 
that b = J2i Cidit. We may further assume that {q} and {di} are each linearly 
independent sets. By (1.8) and (4.3), {7rx^^'^Id)A{b) = 6(8)t(— A— /x)i. Hence 
t(— A — fj,)t is an element of / fl T. Since / fl T is a group, r(A + ijL)t~^ is also 
contained in / fl T. 

Equation (4.4) implies that 

{nxfi (8) Id)A{b) = ^ ® T(-X)dit. 
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Hence each T{—X)dit G /. Recall that di is a weight vector of weight fi in G^. 
Thus, multiplying T{—X)dit by t(A + yields that diT^n) is an element 

of C/+ n /. Similarly, (4.5) ensures that 

i 

So CiT{—n)t e / and hence CiT{—fj,)tT{\ + ijCjt'^ — CiT{\) is an element of 
inG-. Therefore, 

b^Y^Cidit = J2q^-''^\c,T{\)){diT{ii))T{-\-f,)t 

i i 

e{l r\G-){l r\U+){l r\U'').n 

Let / be a left coideal subalgebra of U such that / n T is a group and / 
satisfies (4.6). Then Theorem 4.4 combined with Lemmas 4.2 and 4.3 imply 
that I is generated by / fl T and quantum analogs of root vectors in G~ 
and This description of the generators can be thought of as an analog of 
Theorem 4.1 for these special coideal subalgebras. Below, we generalize these 
results to other coideal subalgebras by introducing filtrations and associated 
gradings of U. 

Filtration I 

Define the filtration on U using the degree function: 

deg Xit^'^ = degUi = 1 dcgtj = -1 

for all 1 < i < n. Write gijrU for the associated graded algebra of this 
filtration. This filtration is invariant under the adjoint action and used to 
understand the locally finite part of U (see [JL2, Section 2.2]). (It should be 
noted that the quantized enveloping algebra is defined in a different though 
equivalent manner in [JL2]. So the Xi (resp. tj) in this paper corresponds to 
Xiti (resp. tj) in [JL2]. Furthermore the degree of an element as defined in 
[JL2] is twice the degree of the corresponding element given here.) 

Given 7 = Y^aie-K '^i'^h set ht(7) = m^. Note that any nonzero element 
of UZxG^ has degree ht(A+/i). Let x e U and set supp(a;) = {[A, ij]\7rx,ij.{x) ^ 
0}. Further, for x an element of U'G^t for some t eT, set 

maxht(a:;) — {[A, /i] | [A, /x] e supp(x) and ht(A + n) — deg(a;) — deg(t)}. 

The next lemma connects the filtration J-' with the height function. 
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Lemma 4.5 Let I be a left coideal ofU and let b be an element of inU G^t 
for some t E T. Then 



6 = 



E 



7rA,^(&) + lower degree terms. 



{[A,/i]| [A,/i]Gmaxht(6)} 



Proof: The lemma follows from the fact that deg7rA,^(&) = deg6 if and only 
if [A,/x] e maxht(6). □ 

By induction on ht(A + //) and the definition of the comultiplication (1.8), 
(1.9), and (1.10), we have the following: 



Consider a subset S of Q^{n) x Q^{n). Set 15*1 equal to the number of 
elements in 5*. We call S transversal if whenever both [A, /i] and [A', /i'] are in 
S and [A, /j] ^ [A', fi'] then A 7^ A' and fi 7^ fi'. Now assume that b G U~G^t 
and that maxht(fe) is transversal. Given [X, fj] G maxht(fe), find q G UZx and 
di G such that n^^ih) = J2i Cidit. As in the proof of Theorem 4.4, we 
may further assume that {cj} and {di} are each linearly independent sets. It 
follows fi-om (4.7), (4.3), (4.4), and (4.5) that 

(4.8) (tta,^ ® Id)A{b) = E, cAt ® r(-A - fi)t 

(4.9) (7rA,o (8) /ci)/\(6) = Ei <8) (T(-A)ciji+ terms of lower degree) 

(4.10) (ttcju (8) Id)A(b) —J2dit<Si {ciT{—jjL)t + terms of lower degree) 

A consequence of the next lemma is that any left coideal subalgebra which 
is also an adT module has a basis B such that maxht(6) is transversal for 
each b E B. This in turn is used to generalize Theorem 4.4. 

Lemma 4.6 Let b E U be a weight vector. Then maxht(&) is transveral. 

Proof: Fix rj and let b be an element in U of weight rj. Note that 'Kx,fi{b) ^ 
implies that — A + /x = 77. Now assume that both [A, ;u] and [A', /i'] arc in 
supp(6). Hence —A + = —A' + //'. Thus A = A' if and only if /i = /i'. In 
particular, supp(6) is transversal. The lemma now follows from the fact that 
maxht(fe) is a subset of supp(6). □ 



(4.7) 



E lJ-_^Gl®U-_^G\T{-^-a). 



7+/3=A,q;+^=// 
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Given a left coideal subalgebra / of U, set equal to the subset of G~ 
such that / n G~T{ri) = I:^T{rj). Similarly, set /+ equal to the subset of 
such that lr\U'^T{r]) — I:^T{r]). The following result can be thought of as an 
analog of Theorem 4.4 for coideal subalgebras which admit an ad T module 
structure. 

Theorem 4.7 Let I be a left coideal subalgebra and adT submodule of U . 
Then 

{7?|r(»j)e/nT} 

Proof: Let 6 be a weight vector of / which is also contained in lr\U~G'^r{P) 
for some r(/5) G T. By Lemma 4.6, maxht(fc) is transversal. We prove 
the theorem when maxht(6) contains exactly one element [A, /x]. The same 
argument works in general. We argue as in the proof of Theorem 4.4. Find 
Ci e UZ)^ and di e so that 'Kx,n{b) — J2i CidiT{(5). We may further assume 
that {cj} and {di\ are each linearly independent sets. By our assumption on 
maxht(&) and Lemma 4.5, 

6 = ^ CidiT{P) + lower degree terms. 

i 

Set T] = —X — fi + (3. By (4.8), T{ri) is in /. Now (4.9) implies that there 
exist elements T{—X)DiT{(3) e / such that — o?j+ lower degree terms and 

(7r;,,o ® Id)A{b) = J2c,^ T{-\)DiT{l3). 

i 

Note that (4.7) ensures that A — di is an element of U~G'^t{—X + (3). Also, 
di is in G^t{—\ + (3). Thus di has degree ht(/i + A — (3). By Lemma 4.5, 
[^,7] G supp(Dj — (ij) implies that ht(,^ + 7) < ht(/x). Since ^ is in (5^(7r), we 
also have ht(— ^ + 7) < ht(/i.) and thus — + 7 is not equal to ji. Therefore, 
for each [^,7] G supp(£)i — dj), 7i^^^{Di — di) has weight + 7 which is 
different from the weight /i of di. Since / is an adT module, it follows that 
the weight term of T{—\)Dir{j3), namely T{—X)diT{(3), is contained in I. 
Hence diT{fi)T{ri) G / fl U^t^t]) and diT{^) G . A similar argument shows 
that Qr(A) G /~. Therefore 

gr^& = g^rY.^idiT{r)) = gr^^g-(^''^)(QT(A))(d,T(/x))T(77) 

i i 
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is an element of gr^p/^ I^T{rj). □ 
Filtration II 

Order the set N x N lexicographically from left to right. Define a filtration 
on U by 

Qm,niU) = {u &U\ (ht(A), ht(/i)) < {m,n) for all [A, /x] e supp(m)}. 
The associated graded algebra for this filtration is defined by setting 

g^'g'\u) = g^,^{u)/ ^^,niu) 

{m' ,n')<{m,n) 

and 

g%(t^)=egrr(^)- 

m,n 

Given a subset S of <5"^(vr) x Q'^{'k), set \\S\\i = max[A,^]es'{ht(A)}. We 
can define a bidegree: for x in U, we say that bidcg(a;) = (m, n) if (m, n) 
is the smallest element of N x N such that x G Qm,n{U). Set max(a;) = 
{[A,/i]|[A, /i] G supp(a;) and bideg(a;) = (ht(A), ht(/x))}. Now consider an 
element b G U~G^t for some t eT. The inclusion (4.7) implies the following 
variation of (4.3): 

(4.11) {ttx,u, ® Id){b) = TTxM ® tr(-A - fx) for all [A,/i] G max(6). 

Lemma 4.8 Let I be a left coideal subalgebra such that I (1 T is a group. 
Then I has a basis B such that for each b E B, max(6) is transversal. 

Proof: Recall that / is a direct sum of the subspaces / fl U~G~^t. Let 
C = {x E I\ max(a;) is transversal}. It is enough to show that for each 
t E T, every element of / Pi U~G^t is contained in the span of C . Consider 
6 G / n U~G'^t. We prove this result under the additional assumption that 
max(6) consists of exactly two elements [A, /i] and [A, /i']. A similar argument 
works in the general case using induction on |max(6)| and ||max(6)||i. Note 
that 

b = T^x,ij.{b) + 7Txy{b) + terms of lower bidegree. 
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By (4.11), tr{—X — fi) and tT{—\ — fi') are both elements of the group iDT. 
Hence — /i') is contained in / fl T. Consider the element 

+ terms of lower bidegree. 

Now (// — /i', /I — ji') is positive since ( , ) is positive definite on Q(7r). Hence 
) ^ ) ^ Taking linear combinations of b and b', it follows 

that there exists bi and 62 in U^G^t fl / such that {[A,/i]} = max(6i) and 
{[A,;u']} = max(62)- In particular, both max(6i) and max(62) are transversal 
and 6 is a linear combination of bi and 62- ^ 

Now assume that b G U^G^t and that max(6) is transversal. We have 
versions of (4.4) and (4.5) similar to (4.9) and (4.10) in the discussion of the 
first filtration. Given [A, /i] e max(6), find q G UZx and di G (7+ so that 
7i"A,^(&) = Y^iCidit and that {q} and {rfj} are each linearly independent sets. 
It follows from (4.7), (4.4), and (4.5) that 

(4.12) (7rA,o ® Id)A{b) — J2i Cit (8) {T{—X)dit+ terms of lower bidegree) 

(4.13) (tto,^ ® Id)A{b) = J2dit^ {ciT{—fj,)t + terms of lower bidegree). 

The filtration Q restricts to filtrations on the subalgebras G"*", U~ and 
U°. Indeed, U" = Gofi{U) and so grgU° = U° as algebras. Upon restriction 
to G"*", the filtration Q becomes filtration by the degree function associated 
to the first filtration J^. The subalgebra of satisfies exactly the same 
relations as . In particular, the only relations satisfied by the elements 
of G~^ are the quantum Serre relations (1.7) (see the discussion in Section 7 
concerning (7.18)) which are homogeneous with respect to degree. Hence we 
have an algebra isomorphism grg.G+ = G'^. A similar argument shows that 
grgU~ = U~. Since the elements in T have bidegree (0, 0), we further have 
that gr^G" = G~ and grgf/"*" = f/"*". For the rest of the paper, we will often 
identify gr^G^ with G^, gTgU^ with f/+, and gTgU° with U°. 

Now the images of Xi and yj commute with each other inside the asso- 
ciated graded algebra of U with respect to Q. (See relation (1.4) of U.) It 
follows that the image of U~U'^ in the associated graded algebra is isomor- 
phic to the tensor product U~ <S) as an algebra. If we replace U~ by G~, 
the images of the elements Xi and Ujtj do not commute. However, they do 
commute up to a power of q. Thus the image of G~U^ in the associated 
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graded algebra can be thought of as a g form of the tensor product which we 
write as G" ®q . 

The group algebra U° acts on weight vectors by T(A)-a^ = T(A)a^T(A)~-'^ = 
qi^'t^)ai^ for e C/^. Thus we obtain the following algebra isomorphism using 
a smash product construction: 

(4.14) grg(C/)-C/°#(G-®,C/+). 

(Compare this with a similar result for a different filtration in [Jo, 7.4.7].) 

Theorem 4.9 Let I be a left coideal subalgebra such that I HT is a group. 

Then 

grg{I) - (/ n t/'')#((grg(/) n G-) ®, ((grg(/) n U^)). 

Proof: The proof is a graded version of the proof of Theorem 4.4. Using 
Lemma 1.3 and Lemma 4.8, we can find a basis B of I such that B — 
\Jt{^ n U~G^t) and max(6) is transversal for each b E B. By (4.14), 

(/ n c/°)#((grg(/) n G)- ®, ((grg(/) n [/+)) 

is isomorphic to a subalgebra of grgl. To show this subalgebra is all of grgi 
it is sufficient to show that each element of B is contained in ((grg(7) fl 

G-){{gTg{i)nu+))gTgiinU"). 

Let t be an element of T and let b be an clement of i3 fl U~G^t. Choose 
[A, /i] G max(6). There exists q G UZ\ and di G G^ so that 7i\^^{b) = J2i Cidit 
and the {q} and {di} are each linearly independent sets. Using (4.11), (4.12), 
and (4.13) and arguing as in the proofs of Theorem 4.4 and Theorem 4.7, I 
contains t(— A — ii)t and t(A + ii)t~^ and elements d^ and Cj such that 

di — diT{^) + terms of lower bidegree 

and 

Cj = Cjr(A) + terms of lower bidegree. 
Note that gi gdi G grg;(/) fl f/+ and gigCi G grg(J) n G' . Set 

y ^b-Y,q-^^^''^CidiT{-^x-X)t. 

i 

Note that 6' is in J. By construction, 7rA,^(6') = 0. Thus either max(6') = 
max(6) — {[A, /i]} or the bidegree of b' is strictly smaller than the bidegree of 
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b. The theorem now follows by induction on | max(6) | and the bidegree of b. 
□ 

Consider a left coideal subalgebra I such that / n T is a group. Given x 
in U, set tip(x) = Z][A,/i]emax(a;) '^\,fj.{^)- The element tip(a;) can be thought of 
as the highest bidegree term of x. Note that grg(/) ngrg.(G~) identifies with 
tip(/) n G~ under the isomorphism = gYg[G~). Thus tip(/) fl G^ is a 
subalgebra of G^. Consider the elements Cj in the proof of Theorem 4.9. Note 
that each tip(cj) is a weight vector. In particular, it follows implicitly from 
the proof of Theorem 4.9 that tip(/) fl G~ is spanned by weight vectors and 
hence is an adT module. One can further show using (4.7) that tip(/) fl G~ 
is a left coideal of G~. Thus tip(/) fl G" is a left coideal subalgebra and adT 
submodule of G~. Similarly, tip(/) fl is a left coideal subalgebra and adT 
submodule of U~^. Thus combining Theorem 4.9 with Lemmas 4.2 and 4.3 
yields the following. 

Corollary 4.10 Let I be a left coideal subalgebra of U such that I (1 T is 
a subgroup of T. Then there exists subsets A' and A" of A"*" such that I is 
generated by elements c_^,7 G A'; dp, (3 G A"; and I (IT. Moreover each 
tip(c_-y) (resp. tip((i^)^ is a weight vector of weight —7 (resp. (3) which 
specializes to the root vector f^^ (resp. ep) o/C/(g). 

5 The locally finite part of U 

One of the most important coideal subalgebras contained in the quantized 
enveloping algebra is the locally finite part, F{U), defined by (2.1). This 
subalgebra is studied extensively in [JLl] and [JL2] (see also [Jo]). Here we 
present some of the known results about this algebra by directly showing 
that F{U) is a coideal subalgebra of U. We will see some of the implications 
of Section 4 on the structure of F{U). 

Recall that F{U) is defined using the quantum adjoint action in Section 
2. It is helpful to see how the generators of U act via the adjoint action. In 
particular 

(ad Uijb = Uibti - byiti {&(lxi)b = Xib - tibt^^Xi {adtijb = t^bt^^ 
for all 1 < i < n and b E U. 
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Theorem 5.1 F{U) is a left coideal subalgebra ofU. 
Proof: Let b e F(U). A straightforward computation shows 

(5.1) 

+ Xl^Ai) ® (adxj)6(2) 

for each 1 < i < n. 

We may write A{b) as a sum J2j=i Cj ® bj where the bj, 1 < j < s, are 
linearly independent weight vectors in U of weight respectively. Extend the 
standard partial ordering on the integral lattice Q{7r) to a total archimedean 
ordering. (This can be done by embedding Q'^l'n) in the nonnegative real 
numbers.) We may further suppose that Ai > A2 > • • • > As. For sake of 
simplicity, assume that these inequalities are all strict. (A similar argument 
works in general.) 

Let Ui be the subalgebra of U generated by Xi,yi,tf^. Note that Ui 
is isomorphic to Uq{s\2). We show below that each bj generates a finite- 
dimensional adC/j module for 1 < i < n. By [JLl, Theorem 5.9], this forces 
each bj to be an element of F{U) (see also the proof of [JLl, Proposition 
6.5]). 

Suppose that {sidxi)"^b = 0. Using (5.1) and induction, we obtain 
A{{eidxi)'^b) e Cci ® (adxi)"*6i + ^ U^Up. 

Hence (adxi)"^6i = 0. Choose r such that (m — l)ai + Ai < (m + r)ai + A2. 
We further have that 

Aiiadxir+'^b) e tT+'c2 ® {adxir+'b2 + Yl U^Up. 

l3<X2+{m+r)ai 

Thus (ada;i)™6 = also implies that (ad,Tj)"'+''62 = 0. By induction, it 
follows that there exists M > such that (adxi)'"6j = for all 1 < j < s 
and 1 < i < n. One obtains a similar property for the action of each ady^ on 
b. In particular, for each 1 < i < n and each 1 < j < s, both adyi and adxi 
act nilpotently on bj. Since bj is a weight vector, it further follows that adtj 
acts semisimply on bj. Thus bj generates a finite-dimensional adt/j module 
for aU 1 < i < n and aU 1 < j < s. Therefore each bj e F{U). □ 
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Set Tp = T{~\F{U). It follows from Lemma 4.2 that the algebra generated 
by Tp is equal to the intersection of U" with F{U). By [JLl, 6.2], r(A) G 
F(C/) if and only if (adx,) and (ady,) act nilpotently on t(A) for 1 < i < n. 
Furthermore, ([JLl, the proof of Lemma 6.1]) s is the least positive integer 
such that (adxj)*T(A) — and (ad7/j)^T(A) = if and only if 

Thus, t(A) e if and only if {X,ai)/{ai,ai) is a nonpositive integer for 

all 1 < i < n. In particular, —A/ 2 is a dominant integral weight. So t(A) 
is in F{U) if and only if A is in R{tt) := Q{tt) n -2P+{tt). (This is [JLl, 
Lemma 6.1. Note that the notation in [JLl] is different than in this paper. In 
particular, here corresponds to in [JLl]. Thus divisibility by 4 in [JLl, 
Lemma 6.1] corresponds to divisibility by 2 in this paper.) For example, 
when g is si 2, then Tp is just the set 

{t-™|m e N}. 

Note that this set is a semigroup but is not a group. This is true in general 
for Tp. 

Recall JT, the first filtration discussed in Section 4. For each ^ G /2(7r), 
set equal to the subspace of such that F{U) fl G^r(^) = K^t{^). 
Similarly, set equal to the subspace of U'^ such that F{U) D U~^t{^) — 
K^t{^). It is shown in [JL2, Section 4.9, 4.10] that 

(5.2) grAFm = (B^^uMgrAKiK^riO)- 

Note that the inclusion of the left hand side of (5.2) inside the right hand 
side is just Theorem 4.7 applied to F{U). In particular. Theorem 4.7 gives 
a new proof of this inclusion. Moreover, Theorem 4.7 can be thought of as 
a generahzation of this part of (5.2) to other left coideal subalgebras which 
admit an adT module structure. 

The analysis in [JL2, Section 4, see Section 4.10], shows that 

gTAK^K^m) = (ad[/)gr^r(0. 

Moreover, 

(adt/)gr^r(0 = (ad^7)r(0 



28 



as adU modules for each t{^) G Tp. Thus one has the direct sum decompo- 
sition in the nongraded case [JL2, Corollary 4.11]): 

(5.3) F{U) ^ ®teTA^dU)t. 

Now (5.3) implies that F{U) is the adU module generated by the algebra 
F{U) n U°. The fact that F{U) is a left coideal was originally proved using 
this fact and a weakened version of Lemma 1.2 ( [JL3, Lemma 5.3]). 

Note that {adU)t is an ad-invariant left coideal of U for each t & T. 
On the other hand, (4.11) guarantees that any left coideal of U contains 
an element of T. Thus by (5.3) the minimal ad-invariant left coideals of U 
contained in F{U) are exactly the vector subspaces (adC/)t where t e Tp. 
This argument and result is due to [HS, Theorem 3.9] where it is actually 
proved in the dual setting. The description of the minimal ad-invariant 
left coideals is, in turn, a crucial step in the classification of bicovariant 
differential calculi on the quantized function algebra Rq[G]. 

The algebra F(U) can be localized by the normal elements Tp to obtain 
the larger coideal subalgcbra F = F{U)Tp^. Now F flT is just the subgroup 
generated by Tp. It is straightforward to show that F is generated by Xj, 
and F n T for 1 < i < n. In particular, given i, there exists some t E Tp 
such that {sidxi)t is a nonzero multiple of Xit. Hence Xit e F{U) and Xi e F. 
A similar argument shows that yiU e F for all 1 < i < n. Thus F contains 
F n T, Xi, and yiti, for 1 < i < n. In the notation of Corollary 4.10, we get 
that A' = A" = A"*", and, moreover, F fl T, Xi, and yiti, 1 < i < n, generate 
F. It further follows that G~ and are subalgebras of F and that G~U^t 
is a subset of F for each i e FfiT. Recall the notation of Theorem 4.7. Note 
that F- = G- C F and F+ = C/+ C F for all 77 e Qin). Hence Theorem 4.7 
implies the following direct sum decomposition of F: 

Since FflT is a subgroup of finite index in T, we see that F, and hence F{U), 
is "large" in U (For a stronger version of this, see [JLl, Theorem 6.4]). 

A particular type of quantum Harish-Chandra module, defined differently 
(and earher) than those of Section 2, was introduced in [JL3] in order to 
classify the primitive ideals of U. These modules were originally specified as 
a subcategory of the F{U) bimodules with a "compatible" adC/ action (see 
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[JL3, 5.4] or [Jo, 8.2.3 and 8.4.1]). In [JL3, 5.4], an F{U) bimodule M has a 
compatible ad U module structure provided that 



(5.5) 



^((ada)(6 • m • c) — ^(ada(i))6 • (ada(2))m • (ada(3))c 



and 



(5.6) 



(adi)m ■ t — t ■ m 



for all a e U, b and c in F{U), m e M, and t e F{U) n T. A different 
definition of compatible is given in [Jo, 8.2.3]. In particular, the adC/ action 
must satisfy the following condition in [Jo, 8.2.3]: 



for all a G F{U) and m & M. Note that (5.6) follows from (5.7) by setting 
a = t. 

The purpose of introducing the compatibility conditions (5.5) and (5.6) 
was to study the specific Harish-Chandra module category associated to 
a dominant regular weight A defined in [JL3, Section 5.7]. By [JL3, 5.12] 
and [Jo, 8.4.11], this category is the same as the one described in [Jo, 8.4.1] 
using condition (5.7). Hence this category consists of modules with an F{U) 
bimodule structure and (adU) module action which satisfy both (5.5) and 
(5.7). In this paper, we say that F(U) has a compatible adU module action 
if both (5.5) and (5.7) hold. We show here that F(U) bimodulcs with a 
compatible adU module action fit exactly into the framework of Section 2. 

Let denote the Hopf algebra with underlying vector space U, the 
opposite multiplication, the same comultiplication and counit as U, and with 
antipode ([Jo, 1.1.12]). Note that the algebra U ®U°^ can be made into a 
Hopf algebra with comultiplication A{a®b) — {Id tw ® Id){A ^ A){a® b) 
where tw denotes the twist map sending a (E) b to b ^ a. The other Hopf 
operations can be defined similarly. Observe that U ® is isomorphic to 
Uq{g © g*) as a Hopf algebra. There is an algebra embedding of U into 
U which sends an element u to S'W(i) (8) (7(m(2)). The image of U in 
U (8) under -0 is not a Hopf subalgebra of C/ U"^. However, by the next 
lemma it is a coideal subalgebra. 

Lemma 5.2 The algebra il}{U) is a left coideal of U ® 17°^. 



(5.7) 



^((ad a(i))m) ■ a(2) = a ■ m 
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Proof: By (1.3), 

^(Yl ^(1) ® <^(^{2))) = 51(^(1) ® ® (^^(2) ® f^(^*(3)))- 

Thus ip{U) is a left coidcal since A{u(2)) = J2'^{2) ® '^^(s)- ^ 

Let F(f/ O f/°P) denote the locally finite part of [/ (g) f/°P. We show that 
F{U) modules with compatible ad?7 module action are F{U ® U°P)ip{U) 
modules. The next lemma relates F{U (8) 17°^) to the locally finite part F(U) 
of U. 

Lemma 5.3 F{U ® Wp) = F{U) ® FiUfP 

Proof: Let ad°^ denote the (left) adjoint action of U°p. With sufficient 

care to indent ificat ion of elements in U and U°p, one checks using (1.3) that 
{&d°Pa{a))h = (ada)6. Thus F{U°p) = F{UYp as algebras. □ 

Recall that since ip{U) is a left coideal and F{U ® 11°^) is an adf/ ® 
module, we have that F{U ®U'"p)^{U) = ^{U)F{U ®U°p). The next lemma 
shows that F{U) is a free as a left iIj{U) module. 

Lemma 5.4 The multiplication map induces an isomorphism (f) of vector 
spaces 

i^iu) (1 F{uyp) 'ii){u)F{u ® u°p). 

Proof: Let a G F{U). Note that 

a (g) 1 = ^ a(i)e(a(2)) (8) 1 

= ® a{3)cr(a(2)) 

for all a e t/. It follows that 

ijj{U)F{U ® C/''^') = ^iU){l F(C/)°P). 
This proves that 4> is surjective. 
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Suppose that J2i'ip{ci){l(S)bi) = where the set {bi} is a hnearly indepen- 
dent subset of F(UyP. We argue that each tlj{ci) = 0. This in turn imphes 
that (f) is injective. 

There is a version of Lemma 1.3 for right coideal subalgebras. In partic- 
ular, U = (BtG^U^t and each G~U^t is a right coideal of U . We may write 
Ci = T,t Cit where each c,t G G~U+t. It follows that i'(c,t)(l(g)6i) G G'U^t®U 
for each i and t E T. Thus ■?/'(cif)(l ® bi) = 0. This allows us to reduce to 
the case where there exists t eT such that q is in G'U'^t for all i. 

Recall the notation of Section 4, Filtration II. Let (M, N) be the maxi- 
mum value of the set of bidegrees of the q. Reordering if necessary, we may 
assume that ci has bidegree (M, N). Choose [A, n] G max(ci). By say (4.11), 
we have 

Note that a{t) — t~^. Since the set {bi} is linearly independent, the set 
{a{t)bi} is also linearly independent. Hence 7rx^n{ci) — for each i. The 
choice of [X,fj] now forces Q = for each i. □ 

The next result shows that F{U) modules with compatible ad U modules 
are just F{U U°p)i/j{U) modules. 

Theorem 5.5 The set of F{U) himodules with compatible adC/ module ac- 
tion can be identified with the set of F{U <S) U"P)ip{U) modules. 

Proof: Let M be a F{U ® U"p)^{U) module. Note that M is a F{U) 
bimodule in a natural way. In particular, set a • m • & = {a <S> h)m for all 

a,b E F{U) and m G M. We define an action of adf/ on M by setting 
(ad c)m = il){c)m for all c E U. By (5.8), it follows that this adf/ action 
satisfies (5.7). A straightforward computation shows that this action satisfies 
(5.5) as well. 

Now let M be an F{U) bimodule with compatible ad U module action. 
Make M into a F{U <S> U°P)ip{U) module by setting 

(5.9) (a ® b)m — a ■ m ■ b and {ip{c))m = (adc)m 

for all a ® 6 G F{U ® U°p), c G f/, and m G M. 

One checks that 'ip{c){l^b) = I](l(8)(adc(2))&)'?/'(c(i)). By (5.5), (adc)(m- 
b) = (adc(i) -m) ■ ((adc(2))6). Hence the action oiip{c) on (l®6)m described 
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in (5.9) agrees with the action of (1 (E) (adc(2))&) on ■?/'(c(i))m. Therefore, to 
show that the action in (5.9) is well defined it is sufficient to show that the 
action of an element x e F{U (8) U'^)ip{U) on M is independent of the way 
X is written as a sum of terms of the form bu where b e F{U <S> 11°^) and 
u E ^{U). 

The compatibility condition (5.7) ensures that 

(adc)(a ■ m ■ b) — ^(adca(i))(m • 6a(2)) 

for all a (g) 6 e F{U U°p), c e U, and m e M. Thus using (5.9) formally, 
we see that 

ip{c){{a (8) b)m) = ip{c){{a ■ m - h)) 

= ^7/'(ca(i))(m ■ 6a(2)) 

= ^V'(ca(i))((l (g) 6a(2))m). 

In particular the action of ■0 (c) (a (8) 6) agrees with the action of V ) ( 1 ® 
6a(2)) on M. By Lemma 5.4, every element in F{U ® U"^)iIj{U) can be 
expressed uniquely in the form J2i'^{(^i) (l<2)&i) where is a basis of F{U)'^. 
The theorem now follows. □ 

One can apply the results of Section 2 to the study of Harish-Chandra 
modules for the pair U ® U°^, il>{U). Identify the algebra U ® U"^ with 
Uq{g © g*). Let k denote the conjugate linear Chevalley antiautomorphism 
of Section 2 associated here to the quantized enveloping algebra Ug{g Q) g*) ■ 
One can find a Hopf algebra automorphism T G TYr such that T^ip^U)) is 
invariant under k. Thus the results in Section 2 apply here. However, the 
main results of Section 2, such as Theorem 2.7, can be proved easily in this 
case since il^iU) is isomorphic as an algebra to Uq{g). Thus it acts completely 
reducibly on all finite-dimensional ip{U) modules. Furthermore, one checks 
that all finitc-dimcnsional xjj{U) modules are unitary using the fact that this 
is true for Uq(g). 

For an example of a Harish-Chandra module associated to the pair U (8) 
U°P, ip{U), consider two left U modules M and N. Define the U bimodule 
Hom(M, A^) by (a • / • b){m) — af{bm). As explained in [JL3, 5.4] and [Jo, 
8.2.3], Hom(M, N) has a compatible (adf/) module structure in the sense of 
(5.5) and (5.7) given by (ad a)/ = ■ / " <^(cf(2))- Thus from the above 

Theorem 5.5, we see that Hom(M, N) is a {F{U)® F{UyP)'ilj{U) module. By 
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Theorem 2.7, the sum of all finite-dimensional adf/ modules F{M, N) inside 
of Hom(M, N) is a Harish- Chandra module for the pair U ® U°^, ipiU). 

In [JL3, Theorem 5.13] (see also [Jo, Chapter 8]), the theory of Harish- 
Chandra modules associated to the pair U ® U"^, ip{U) is used to prove 
an equivalence of categories between certain Harish-Chandra modules and 
various category O modules. This is critical in obtaining the quantum version 
of Duflo's theorem: every primitive ideal of U is the annihilator of a highest 
weight simple module ([JL3, Corollary 6.4] or [Jo, 8.4.17]). 

6 Nilpotent and parabolic coideal subalgebras 

Yet another left coideal subalgebra of U is G~, an obvious quantum analog 
of U{n~). In this section, we consider coideal subalgebras of G~ which cor- 
respond to classical enveloping algebras of Lie subalgebras of n~ and related 
Lie subalgebras of g. Most of the results presented here are from [Ke] . 

Let tt' be a subset of the simple roots tt of g. There are a number of 
Lie subalgebras of g which can be associated to n'. The most obvious is 
the semisimple Lie subalgebra m of g generated by the Cj, /j, hi, for those 
i with ttj e tt'. Since the simple roots tt' associated to the root system of 
m are contained in the simple roots tt of g, the entire picture can be lifted 
to the quantum setting. In particular, Uq{g} contains a Hopf subalgebra Al 
isomorphic to Uq^m) and generated by the Xi,yi,ti,t~^ for the same i. Set 
M- = MnG~ andM+ = Mn U+. 

Let A' denote the set of positive roots associated to the simple roots 
tt'. The vector space n~, spanned by the root vectors /_^, 7 in A"^ — A', 
is a second Lie subalgebra of n~. Let m~ denote the Lie subalgebra of m 
generated by the fi for ai E tt'. Then 

n" = n~, ® m~. 

Thus the multiplication map defines a vector space isomorphism: 
(6.1) U{n-)^U{n-,)^U{ra-). 

We shall see that the algebra U{n~,) can be lifted to the quantum setting 
using a coideal subalgebra. 

Let G^_^, be the subalgebra of G~ generated by the i/jtj such that ctj is 
in TT — tt'. Note that G^_^, is a left coideal subalgebra of G~ . Now G~_^, is 
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generated by weight vectors and in particular, (ad T)G'^„^, = G^_^,. Also, 
{s.dxi)yjtj = for all i ^ j. Thus {nd {M+T))G-_^, C G-_^,. Recall 
that A4 is equal to the quantized enveloping C/q(m). Hence the triangular 
decomposition (1.12) implies that MT = M'M^T. Hence {8i.AM~)G~_^, 
equals {a,(\M)G^_^,. By Lemma 1.2, {a,dM.^)G^_^i is a left coideal. Let 
A^^ be the subalgebra of generated by M.~)G~_^i . It is a left coideal 
subalgebra since {a.dM.~)G^_^i is a left coideal. 

By [Ke], one has a quantum analog of (6.1). Namely there is an isomor- 
phism of vector spaces 

(6.2) G-^N-,®M-. 

Kebe actually proves a stronger result with this as a consequence, namely, 
G~ is isomorphic to the smash product of N^, and 

By construction, N~, is generated by weight vectors and hence is a direct 
sum of its weight spaces. By Lemma 4.3, we can find a subset Ai of 
such that N^i is generated by weight vectors of weight 7 G Ai which 
specialize to root vectors in U{r\^). By [L3, proof of Proposition 2.2], Ai 
consists of those positive roots which are not linear combinations of roots 
in tt'. In particular, N~, specializes to U{ii~,) as q goes to 1 ([L3, proof of 
Proposition 2.2]). Thus the left coideal subalgebra N~i is a natural choice of 
quantum analog of f/(n^,) inside of f/(g). 

It is instructive to look at the generators of N~,. Let / be a tuple 
(ii,...,ir) of (arbitrary) length r and suppose that is in tt — tt' for 
1 < s < r. By the argument in [L3, Proposition 2.2], the algebra N~i is 
generated by elements of the form 

where aj ^ n'. 

Now each Yjj is an element of the subcoideal {a.d A4^)yjtj of N^, as well 
as an element of G~. Hence 

{Id 7ro,o) A{Yi j) = Yj J® 1. 

Thus 

where Yi is in U and Y-' is in {a.dAi~)yjtj. We can actually say more about 
the Yi. First recall that Y/j is in G~ . Set A = ctj^ + • • • + + aj and note 
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that the weight of Yij is —A. Set fi = 0. We may apply (4.7) to Yijt{—X) 
using this A and n. By (4.7) and weight space considerations, each Fj is 
in M n G~U°. Furthermore, (4.7) imphes that each Yi e U~t{\). Since 
t(A) e Mtj, it follows that each Yi is an element of {M fl U~U°)tj. In 
particular, we get that (see [AJS, Proposition C.5]) 

(6.3) ^(>/j) e >/j ® 1 + (7W n C/-[/")tj' ® {a.dM-){yjtj). 

The elements Y/j also satisfy a imiqueness property. In particular, by [L2, 
Proposition 4.1], if Y is an element of G~ of weight —A such that 

A{Y) e y 1 + (A^ n U-W)tj ® (sid M'){yjtj) 

then y is a nonzero scalar multiple of F/j. This uniqueness property will be 
used in the uniqueness result Theorem 7.5 concerning quantum symmetric 
pairs. 

Let n^/ be the Lie subalgebra of n"*" spanned by the root vectors e^, where 
7 runs over — A'. One can similarly define left coideal subalgebras 
of [/"•" which are analogs of t/(n^,). These can be constructed directly using 
the same methods described above for N~,. 

Of course, one could take the perspective of right coideal subalgebras 
instead of left coideal subalgebras. This will be useful in the next section. 
For example, right coideal analogs of U{n'^,) are subalgebras of G+ defined 
using the right adjoint action, 

(6.4) (adra)6 = ^(T(a(i))6a(2) 

for all a and b in U. Let G^_^, be the subalgebra of G'^ generated by the 
Xit~^ for all i such that ccj e tt — n'. Then the subalgebra N^, ^ generated by 
{a,drA4'^)G^_^, is a right coideal subalgebra of G^ and an analog of C/(n+,). 
The algebra N^i^^ generated by elements of the form 

(ad^-x^-j^ * * ' Xi^^Xjtj 

where each ccj^ e tt' and aj ^ n'. Moreover the comultiplication of these 
elements is similar to that of the Yjj, e.g., 

(6.5) A{Xi,j) e 1 Xij + (sidrM+)(xjtJ^) 0{Mn G+U°)tj\ 
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Using N^i, N^,, and Ai^ , one can construct what arc called generalized 
Verma modules. Let V be the subalgebra of U generated by A4, U", and N^,. 
Note that P is a left coideal subalgebra since it is generated by left coideal 
subalgebras. It is an analog of the enveloping algebra of the parabolic Lie 
subalgebra (m + h) ©njjr,. Using (6.2), one obtains an isomorphism of vector 
spaces via the multiplication map 

(6.6) U^N-,®V. 

Let Vl^ be a finite-dimensional simple M module. Extend the action of M. 
on W to U° by insisting that the highest weight generating vector of is a 
weight vector of say weight A with respect to the action of T. Extend further 
the action on W to N^, by insisting that the augmentation ideal of A^^^!^ acts 
as zero on all vectors in W . These extensions make W into a V module. The 
generalized Verma module Mt,i{A) is defined to be U ®-p W . In particular, 
elements of U act by left multiplication and pu®w — '}2{^P[i))u®P{2)W for 
all p e P, M e [/, and w eW. As & left A^;; module, U ®vW = N~, ®W. 
Furthermore, the action of Ai on N~, is both locally finite and semisimple. 
Hence the generalized Verma module M^i{A) is a Harish- Chandra module 
for the pair U, M.. 

Using the coideal subalgebras discussed in this section, one can form 
quantized homogenous spaces as in Section 3. For example, the homogeneous 
space associated to G^, Rq[G/N] = Rq[G]'f is studied in [Jo, Chapter 9] 
where it is used to obtain the complete description of the prime and primitive 
spectra of the quantized function algebra Rq[G]. 

7 Quantum symmetric pairs 

We turn now to the theory of quantum symmetric pairs. First, we present 

the construction and characterization of the coideal subalgebras used to form 
such pairs. The results are drawn from [L2] and [L3], but the methods 
in this paper are often simpler. The involutions used to construct these 
algebras are given in a concrete fashion here. The relations for the coideal 
subalgebras as algebras are also presented more explicitly. Moreover, using 
the results of Section 4, we give a new, less intricate, proof of the uniqueness 
characterization for the subalgebras used to form quantum symmetric pairs 
(see Theorem 7.5 below.) The Harish- Chandra module and symmetric space 
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theory associated to these pairs is also described with the aid of Sections 2 
and 3. 

A symmetric pair is defined for each Lie algebra involution (equivalently, 
a Lie algebra automorphism of order 2) of g. More precisely, let ^ be a 
Lie algebra involution of g. Write g^ for the Lie subalgebra of g consisting 
of elements fixed by 9. The pair g, g^ is a classical symmetric pair. A 
classification of involutions and classical symmetric pairs up to isomorphism 
can be found in [Hel, Chapter 10, Sections 2, 5, and 6] and [OV, Section 
4.1.4]. 

Let p = {f G g\9{v) = —v}. A commutative Lie subalgebra of g which is 
reductive in g and is equal to its centralizer in p is called a Cartan subspace 
of p (see [D, 1.13.5].) A Cartan subalgebra h' of g is called maximally split 
([V, Section 0.4.1]) with respect to 9 provided that h'np is a Cartan subspace 
of p. By [D, 1.13.6, 1.13.7], p contains Cartan subspaces and moreover each 
Cartan subspace can be extended to a Cartan subalgebra of g. 

Recall that we have already specified a Cartan subalgebra h of g. Let 9 
be an involution of g such that h is maximally split with respect to 9. Let 
jC be the set of Lie algebra automorphisms ^0 of g such that ■0(p H h) is a 
subset of h. If ^ G £ then h is also maximally spht with respect to the 
involution iIj9iIj~^. By [D, 1.13.7 and 1.13.8], one can replace 9 by 1/^91^'^ for 
some ^ G £ so that 9 also satisfies the following conditions: 

(7.1) ^(h) = h; 

(7.2) if 9(hi) = hi then ^(e,) = e, and 9(fi) = 

(7.3) if 9{hi) 7^ hi then 9{ei) (resp. 9{fi)) is a nonzero root vector in n~ 
(resp. n+). 

By [D, 1.13.8], 9 also induces an automorphism © of the root system A. 

Now consider an arbitrary involution 9' of g. One can find a Lie algebra 
automorphism T of g so that h is maximally split with respect to the in- 
volution T^^'T^^. In the quantum case, we do not have as much fiexibility 
in "moving" involutions around using an automorphism of U. In particular, 
there is only one choice of quantum Cartan subalgebra, since the only invert- 
ible elements of U are the nonzero scalars and the elements of T. Hence any 
automorphism of U restricts to an automorphism of T. Thus the relationship 
between an involution of g and the particular Cartan subalgebra h is impor- 
tant in lifting the involution to the quantum case. In this section, we call 
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an involution of g a maximally split involution if h is maximally split with 
respect to 6 and 6 satisfies (7.1), (7.2), and (7.3). (Similar terminology was 
introduced in [Di, Section 5].) We discuss lifts of maximally split involutions 
and the associated quantum symmetric pairs. There are also a few scattered 
results on quantum symmetric pairs when the involution is not maximally 
split. The reader is referred to [G] and [BF] for more information. 

For the remainder of this section, let ^ be a maximally split involution 
with respect to the fixed Cartan subalgebra h. Consider the Cartan subspace 
a = p n h of p. Since a is subset of h, the action of ad a on g is semisimple. 
Given A e a*, set 

gA = {a; e g| (ad a)a; = \{a)x for all a e a}. 

Let 

S = {Aea*| gA^O}. 

We can write g = ©agsSa- Furthermore, by [OV, Theorem 3.4.2], S is an 
abstract root system called the restricted root system associated to 6 (or 
more precisely, to g, a.) A classification of restricted root systems associated 
to involutions can be found in [Kn, Ghapter VI, Section 11] (see also [Hel, 
Ghaptcr X, Section F under Exercises and Further Results]). Note that an 
abstract root system is slightly more general than an ordinary root system 
(often called a reduced root system) described in [H, Ghapter III]. Good 
references for abstract root systems are [Kn, Ghapter II, Section 5] and [OV, 
Ghapter 3, Section 1.1]. The abstract root systems have been classified as the 
set of reduced root systems and one additional nonreduced family referred 
to as type BC ([Kn, Ghapter II, Section 8]). 

Before discussing the quantum case, we further describe the action of on 
the generators of g. Set Ae = {a G A|6(a) = a} where © is the associated 
root system automorphism. This is the root system for the semisimple Lie 
subalgebra m of g generated by the ei,fi,hi with 9{hi) — hi. Write m = 
m~ © m° © m+ for the obvious triangular decomposition of m. Set 7r@ = 
Ae riTT. Note that ttq is a set of positive simple roots for the root system Ae. 
Write Q{TTe) for the lattice of integral linear combinations of the simple roots 
in ttq. Let (5'^(7re) be the set of nonnegative integral linear combinations of 
the elements in vre. 

Note that ttq = e(7r) n tt. Also, Q{-ai) e A+ for all ctj ^ vre by (7.3). 
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It follows that 



(7.4) e{-ai) e Yl NQ;, + g+(7r0) 

for each ^ tiq. Since is a root system automorphism, every element of 
A can be written as an integral linear combination of roots in {0(aj)|«j G vr} 
where either all the coefficients are positive or all the coefficients are negative. 
Hence each ctj ^ ttq can be written as a linear combination of elements in 
{Q{ai)\ai ^ TTelUTTe with just negative integers as coefficients. Observation 

(7.4) thus implies that there exists a permutation p on the set {i \ai e tt—ttq} 
such that for each ai & tt — ttq, 

(7.5) ©(-fti) - Q;p(i) e Q+(7re). 

Choose a maximal subset tt* of vr — vre such that if j = p{j) then a.j G vr* 
and if j 7^ p{j), then exactly one of the pair aj, ap(^j) is in tt*. Consider i such 
that ctj e TT*. The root vector ep(j) associated to the simple root Q;p(j) satisfies 
(ad/,)ep(j) = [fj, ep(j)] = for all aj G tto. Thus ep(j) is a lowest weight vector 
for the action of adm~. Let V be the corresponding simple adm module 
generated by ep(-j). By (7.3), 9{fi) is a root vector in n+. Furthermore 

(7.5) implies that the weight of this root vector is ap(i) plus some element 
in Q'^{'Ke). Thus 0{fi) can be written as a bracket [ai[a2, . . . , [os-i, Os] ■ ■ ■] 
where exactly one of the aj equals ep(i) and the others are elements of m+. 
Using the Jacobi identity, we see that 0{fi) is an element of (adm+)ep(j). 
In particular 6{fi) is an element of V. Furthermore, since elements of 
commute with fi and thus with 9{fi), we see that 9{fi) must be a highest 
weight vector of V. Thus we can find a sequence of elements ctj^, . . . , in 
TTe and a sequence of positive integers mi, . . . , such that (up to a slight 
adjustment of 6) 

(7.6) ^(/.) = (adeSr^---eSr^)ep(.). 

Here e^"*'* = e™/m!. We may further assume that both the sequence of roots 
and the sequence of integers are chosen so that each (adej™^-' ■ • ■ ej™''-')ep(i), 
1 < s < r, is an extreme vector of V. (In particular, (adej-™^"* • ■ ■ ej-™'''')ep(j) 
is a highest weight vector for the action of ade^^ and (ade.^™''^"^'' ■ ■ ■ ej-™'''')ep(j) 
is a lowest weight vector for the action of ad/j^.) Suppose that the sequence 
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aj^, . . . , aj^ of elements in vre and the positive integers ni, . . . , also satisfy 
this condition on extreme vectors and that Y^k'^^^kO-i^ = Yk'f^kCijk- -^y 
(ade-^^^ • • • e|™'''')ep(i) = (ade^-^^^ • • • ej"°'')ep(j). Thus (7.6) is independent of 
the choice of such sequences. 

Using lowest weight vectors instead of highest weight vectors, we obtain 

(7.7) ^(ep«) = (ad/f^)---/ir^V. 

up to a nonzero scalar. A straightforward si 2 computation shows that 
(ade^) • • •elr))[(ad/£"^) ■ ■ -/^V.] = fi 

and 

(7.8) {^dft^ ■ ■ . i;(r^^)[(adeSr^ • • • et^)e,^)\ = e,^y 

Since 0^ is the identity, the scalar in (7.7) must be 1. 

Set m{i) — mi + . . . + rrir. Now [^(cj), 9{fi)] = 9{hi) is an element of h 
by (7.1). Furthermore, by (7.2) and (7.3), 9{hi) must be the coroot /le(ai) 
associated to the root ©(oj). The description of the Chevalley basis for 
g given in [H, Proposition 25.2 and Theorem 25.2] ensures that both 9{ei) 
and 9{fi) are Chevalley basis vectors up to a sign. Furthermore, by [H, 
Proposition 25.2(b)] and (7.6), we must have 

%,) = (-l)-»(ad/f^^--/£"'^))/p(i)- 
Similarly, by [H, Proposition 25.2(b)] and (7.7) 

Note that when = i, we have 

(ade^^--eSr^V. = (ade(r^--e^))e,. 

Hence m(i) is even in this case. 

The above analysis allows us to better describe the root space automor- 
phism 0. Let W denote the Weyl group associated to the root system Ae 
of m considered as a subgroup of the Weyl group of A. Let Wo denote the 
longest element of W. Note that Wg is a product of reflections in W but can 
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also be considered as an element of W. Let d be the diagram automorphism 
on Tie such that d = —Wo when restricted to ne- Note that d induces a 
permutation on the set {i\ai e ttq} which we also denote by d. In particular, 
given ai E TiQ, d{ai) = ^^(i)- Extend c? to a function on n, and thus to A, by 
setting d{ai) = Q;p(j) for ai ^ hq. It follows that = ~Wod. Note that this 
forces to be a diagram automorphism of the larger root system A. 

Before lifting 6 to the quantum case, we recall and introduce more no- 
tation. The right adjoint action is defined by (6.4). This action on the 
generators of U is given by: 

{8idryi)b = bui - Vitibti^ (ad^Xi)^ = t^^bxi - tJ^Xib {sidrti)b = t:[^bti 

for 1 < i < n. Recall the definitions of [m]q and qi used to define the 
quantized enveloping algebra ((1.4)-(1.7)). The divided powers of Xi and yi 
are defined by x^/"^ = x^/[m]q.\ and yl^^ = yY^/[m]q.\. (Note that these are 
quantum analogs of the divided power ef"-*.) Let M. denote the subalgebra 
of U generated by the corresponding elements Xi,yi,ti,t^^ where 9 (hi) = hi. 
Note that M is just a copy of the quantized enveloping algebra Uq{m) so 
this notation is consistent with that of Section 6. Let l be the C algebra 
automorphism of U fixing Xit^^ and tjt/j for 1 < i < n, sending t to t^^ for 
alH G T and q to q^^. Recall the sequences aj^, . . . , ctj^ and mi, ... , used 
in (7.6) and (7.7). (As in the classical case, using [Lu, Proposition 39.3.7], 
the description of 9{yi) in (7.12) below is independent of the choice of such 
sequences.) 

In the next theorem, we lift to a C algebra automorphism of U. This 
is in the spirit of [L2, Theorem 3.1]. The main difference here is that we do 
not insist that ^ is a C algebra involution on all of U. 

Theorem 7.1 There exists a C algebra automorphism 9 on U such that: 
(7.9) 9{xi) — Xi and 9{yi) — yi for all ai e TTe- 

(7.10) ^(r(A)) = r(e(-A)) for all r(A) G T. 

(7.11) 9{q)^q-\ 

(7.12) 9{yi) = [(ad.4r^ " ' ' 

and 9{yp^i)) = (-l)™«[(ad,a;;™'-) • ■ ■ x^/;''^)t^'xi] for a, G tt*. 
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Furthermore, 9"^ is the identity when restricted to Ai and to T. Finally, 9 
specializes to 9 as q goes to 1. 

Proof: To show that 9 extends to a C algebra automorphism of U, we relate 
it to Lusztig's automorphisms. Let Tyj^ be Lusztig's automorphism associated 
to Woi the longest element of W . We follow the notation of [DK, Section 
1.6]. Fix ai G vre- Recall that —Wo{oti) = ad(^iy By [DK, Section 1.6 and 
Proposition 1.6], T^^ sends yi to a nonzero scalar multiple of Xd{i)t'^^^-^, sends 
Xi to a nonzero scalar multiple of yd{i)td{i)-i ^iid sends ti to t~^^^y Furthermore, 
one checks using [DK, Remark 1.6] that for each a, ^ tto the composition 

° Tw,){tp{i)Xv{i)) = Ui[{a.drX^^^^ ■ ■■x^^'''^)t-l^Xpii)\ 

for some nonzero scalar -Uj. 

Define a function 9 on the generators of U using (7.9), (7.10), (7.11), 
(7.12), and setting 

9{xi) = uj^{i o T^J{yp^i)tp^)) and 9{xp^i^) = {-ir^^u-^^{L o T^J{yiti) 

for each ai e tt*. It is clear from (7.9) and (7.10) that 9 extends to a C 
algebra automorphism on both M. and T. Now 9'^ is clearly the identity on 
M.. Since © is an involution on the root system of g, condition (7.10) ensures 
that 9 also restricts to an involution on the group T. 

We check that 9 extends to a C algebra automorphism of U. In particular, 
OivdH^i) - H^iWiVi) = (i^o T^o)iyp(i)Xp(i) - Xp(i)yp(^i)) = 9(yiX, - xiy,) for 
tti ^ TTe. Furthermore, for ai G ire, {t^°Ty,J{td(i)Xd{i)) = yi = 9{yi) up to some 
nonzero scalar. Hence the 9{yi), 1 <i <n satisfy the quantum Serre relations 
(1.7). Similarly, (t o Ty,^){yiti) — Xd(i) — 9{xd{i)) up to a nonzero scalar when 
ai G TTe. It follows that the 9{xi) for 1 < i < n satisfy the quantum Serre 
relations (1.7). Moreover, 9 preserves the relations between the Xj and the 
yj for 1 < i, j < n. Thus 9 extends to a C algebra automorphism 9 of U. 

Now consider an element b in Ji4 U T U {yi\l < i < n} and write b for its 
speciahzation as q goes to 1. Note that the specialization of 9{b) is just 9(b). 
This is enough to force 9 to specialize to ^. □ 

We are now ready to introduce the quantum analog of U{g^). Set 

Te = {r(A)|e(A) = A}, 
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a subgroup of T. Let B = Bg he the subalgebra of U generated by M., Tq, 
and the elements 

Bi = Viti + 9{yi)ti 

for ctj ^ TTe- The next result shows that S is a coideal subalgebra of U. This 
fact combined with the results of Sections 1 and 4 is used below to describe 
the relations satisfied by these generators. As a consequence, we show below 
that B specializes to C/(g^) as q goes to 1. 

Theorem 7.2 B is a left coideal subalgebra of U . 

Proof: We need to check that 

(7.13) A{b)eU®B 

for all b E B. Since A is an algebra homomorphism from U to U (S) U, it is 
sufficient to check (7.13) for a set of generators of B. Now B is generated 
by the elements B^, for ^ tiq, and two Hopf algebras: Ai and the group 
algebra generated by To. In particular, each b E M. and each b E Tq 
satisfies (7.13). Hence it is sufficient to check (7.13) holds for the remaining 
generators, namely when b = Bi for ai ^ ttq. 

Set = U+ nM. Note that tit^^^-^ is in Tq for all i with ai ^ hq. Thus 

by (6.5) and the definition of 9, the element 9{yi)ti satisfies the following nice 
property with respect to the comultiplication of U : 

^{9{yi)ti) eu^ 9{yi)U + U®{Mn G+U'')t;^^U 
Cti® 9{yi)ti + U0 M^Tq. 

This combined with the formula for Z\(j/jtj) (see (1.8) and (1.10) ) yields 

(7.15) A{Bi) eti^Bi + U^M^TeCU^B 

and the theorem follows. □ 

We turn now to understanding the relations satisfied by the generators of 
B. The elements Bi have already been defined when ai ^ ttq. Set Bi — yiti 
for CKj e TTe. Given atuple / = (ii, . . . ,ir), set |/| = r, wt(/) = Q;j^ + . . . + Q;i^, 
Bi^Bi^--- Bi^, and Yj = yi^ti^ ■ ■ ■ yi^U^. 
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Recall ((1.4) and (1.11)) that Xijjjtj = q'^^'^'-'^^^^yjtjXi whenever j ^ i. By 
Theorem 7.1, 6{xi) = Xi whenever ctj G ne- Furthermore, 9{yj) and yj have 
the same weight with respect to the adjoint action of Tq. Hence 

(7.16) XiBj = q^-'^'^'^^^BjXi and T{\)Bj = q^^'-'^^^ BjT{\) 
for all ctj e TTe with aj ^ ttg, and t(A) G To- It follows that 

(7.17) B^Y^BiM+Tq. 

I 

Let i7 be a set such that {ij|<^ £ >J} is a basis for G~. Note that Bj = Yj + 
(terms of higher weight) for each tuple J. The triangular decomposition (4.1) 
of U imphes that the subspaces {YjA4'^Tq\J e J}, and hence the subspaces 
{BjAi~^TQ\J G JT"}, are linearly independent. 

Let Fij be the function in two variables Xi and X2 defined by 



m=0 



1 ^ij 

m 



5i 



The quantum Serre relations (1.7) are the set of equations Fij{yi,yj) = for 
i j- A straightforward computation shows that if (Aj, aj) = (Aj, ctj) then 
Fij{yiT{Xi),yjT{Xj)) =0. Hence 

(7.18) F,j(yA,yjij) = 0. 

It follows that the generators yiti of G~ satisfy the same relations as the 
generators of U~. Furthermore, since {Q{—ai),aj) — (©(— ccj), ctj), we have 

(7.19) FiMy,)U,9{yj)tj) = 0. 

We show below that the Bi ior 1 < i < n satisfy relations which come 
from the quantum Serre relations on G~ . First, we consider the evaluation 
of the funct in a few special cases. 

If both ttj and aj are in TTe, then Fij{Bi, Bj) = Fij {yiti, yjtj). Similarly, if 
ai G TTe and aj ^ ttq, then Fij{Bi,Bj) = Fij{yiti,yjtj) + Fij{6{yi)ti,6{yj)tj). 
Hence (7.18) and (7.19) imply that 

(7.20) if ai G TTe then Fij{Bi, Bj) = 0. 
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Now suppose that i and j are chosen such that 7ro,o(^ij) is nonzero. It 
follows that Yij must have a zero weight summand. Checking the possibilities 
for the quantum Serre relations, we must have a^- = and ©(ccj) = —cxj. In 
particular, = ijiti + q^'^XjtjHi and Bj — yjtj + q^^XitjHj. A straightfor- 
ward computation shows that 

if an — and Gfctj) = —aj then 
(7.21) \ ^^ 3 

Fij{Bi, Bj) = BiBj — BjBi = {t~ tj — tj ti)/ {qi — q~ ). 

Given A G Qi^), let Pa be the projection of B onto U^G^t{X) with 
respect to the direct sum decomposition of Lemma 1.3 applied to the coideal 
B. The next lemma provides more detailed information about Fij[Bi, Bj). 

Lemma 7.3 Let Yij = Fij{Bi,Bj) for i ^ j and Xij = (1 — aij)ai + aj. If 
{TTp,^ o Px,,){Yij) 7^ then [(3, 7] 7^ 0, T{Kj -(3)^ Tq, and T{Xij - 7) ^ Tq. 

Proof: Set Pij — Pxi^ ■ Suppose that (ttco ° Pij) (Yij) 7^ 0. It follows that 

T^ofi^Xij) 7^ 0. Hence aij = and 0(«j) = —o^j- Now Xij = «j + aj in this 
case. By (7.21) Pij{Yij) = Pij{tiHj - tjHi) = 0. Therefore, 7ro,o(l"y) = for 
all choices of i and j. 

By (7.20), we may assume that ojj is not in ttq. Assume that (3 and 7 
are chosen so that 7r/3^j{Yij) ^ 0. Note that Yij can be written as a sum of 
monomials in 2 — aij terms where 1 — aij of those terms arc from the set 
{yiti,6{yi)ti} and the other term is from the set {yjtj,9{yj)tj}. It follows 
that 7 = SiQ;p(j) + ■S2«p0) + V some 77 G Q^{TTe) and nonncgativc integers 
Si and S2 such that Si < 1 — aij and S2 < 1. Set 7' = Siftj + S2aj and note 
that t(7 — 7') is in Te- The above description of the monomials which add 
to Yij further implies that 7' + /9 < Xij. Moreover, by (7.18), < j3 < Xij 
and by (7.19), < 7' < Xij. Now (3 and 7' are both linear combinations of ai 
and aj. Thus the lemma follows if neither ai nor aj are elements of Q'^Iitq). 
In the case when aj G vre, (7.19) further implies that that < 7' < Xij — aj 
and < P < Xij — ai. The lemma thus follows in this case as well. □ 

The next result gives a description of the generators and relations of B. 

Theorem 7.4 Let B be the algebra freely generated over A^+Te by the el- 
ements Bi, 1 < i < n. Then there exist elements c] G Ai~^TQ such that 
B = B/L where L is the ideal generated by the following elements: 
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(i) T{X)BiT{-\) - q-^^'^'^^Bi for all t(A) e T© and ai ^ tto- 



(a) tj ^XjBi—Bitj ^Xj — dij{tj—tj ^)/{qj—qj ^) for allaj e ttq and 1 < i <n. 
(in) 



l-a,: 



m=0 



1 - Qij 

m 



{Je>7|wt(J)<(l-aij)ai+aj} 



/or each i ^ j, I < i,j < n. 



Proof: Relations (i) and (ii) follow from (7.16) and (1.4). We now show that 
the Bi, 1 < i < n, satisfy the relations described in (iii). Fix a quantum Serre 
relation Y = Fij[Bi, Bj) for given a^, aj with i ^ j. Set A = (1 — aij)ai + aj 
andZ = Px{Y). By (4.7), {{PxOTTo,o)(S)Id)A{Y) = {no,o(S)Id)A{Z). Moreover, 
(4.7) ensures that 

(7ro,o ® Id)A{Z) = t(A) ® Z. 
By (7.15) and (7.17), we have 

(7.22) zl(r) e r(A) ® F + ^ U ® BjM+Tq. 

{J\ wt(J)<A} 

Now if J has weight less than A, one checks from (1.7) that there is no 
quantum Serre relation of weight greater than or equal to —A. Hence if 
wt(J) < A then J is an element of the set J. Now, (7.22) implies that 

{{Px o 7ro,o) Id)A{Y) e t(A) ® {Y + ^ BjM+Tq) 

{JeJ\ wtiJ)<\} 

Thus we can find X G I]{jej'|wt(j)<A} Bj}A^Tq such that Y + X — Z . We 
obtain a relation of the form described in (iii) by proving Z = 0. 

Recall the notation of Section 4, Filtration II. Assume that Z is nonzero 
and hence max(Z) is nonempty. Choose [/9,7] G max(Z). It follows that 
7r/3,-y(Z) 7^ 0. By Lemma 7.3, [/3,7] 7^ [0,0], and neither t(A — P) nor t(A — 
7) is an element of T©. Write (7r^,o ® ^d){A{Z)) = J2vi (S) Ui where the 
Vi G UpT{\) and the Ui G G^T. We may assume that the Vi are linearly 
independent elements of UZpT{X). Note that at least one of the has a 
(nonzero) summand of weight 7 in Gj:r(A — /3). By (7.19), the maximality of 



47 



[P, 7], and the fact that /9 7^ 0, each Ui is in G+T fl J2{jej\wt{.j)<\} B jM.^Tq. 
This intersection is just M.^Tq. Hence r(A — /9) G Te, a contradiction. This 
forces /3 = 0. It follows that {'KQ^^®Id){A{Z)) e U(S>r{X-^). Again r{\-^) 
must be in Te- This contradiction forces max(Z) to be empty. In particular, 
Z = 0. 

We have shown that B is isomorphic to a homomorphic image of B/L. A 
consequence of relations (i), (ii), and (iii) is that M-^TqBj C Z^jgj BjM.^Tq+ 
L for each tuple /. Thus 

B/L= ^{BjM+Te + L). 

Since the elements Bi in B satisfy the relations (i), (ii), (iii), we also have 
the following direct sum decomposition: 

B=^{BjM+Te). 

Therefore B^B/L. □ 

Note that (7.20) and (7.21) both provide examples of the relations de- 
scribed in Theorem 7.4 (iii). We illustrate how to compute the c] in a more 
complicated example. Consider the case where Q{ai) = —ai, 6(aj) = — ctj 
and ttij — —1. So Bi — yjti + q^'^Xi and Bj = yjtj + qj'^Xj and Y — 
BfBj - {qi + q-^)BiBjBi + BjB^ Thus by (1.9) and (1.10), 

A{Br) = Br®l + tr® Bj. 

iox r — It follows that 

A{Y) = titj ®Y + {B^tj - {qi + q-^)B,t,B, + tjBf) ®Bj + W®B 

for some W which satisfies 7ro,o(W^) = 0. A straightforward computation 
using the relations of shows that Px07To^o{{Bftj — {qi + q^^)BitjBi+tjBf) = 
-qiHjtj. Thus 

= (Pa o 7ro,o) ® Id{A{Y) = tltj ®Y - q^Hltj ® Bj. 

It follows that 

B^iBj - {q, + qi^)BiBjB, + B^B^ = q-'B^. 
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(This relation is also computed in [LI, Lemma 2.2 (2.2)]. The generators for 
U and B are somewhat different in [LI]. In particular, when ctj = —Q{ai), 
Bi in [LI] is equal to i/iti + Xi in the notation of this paper. Thus using a 
Hopf algebra automorphism of U, the B^ in [LI] corresponds to times 
the Bi defined in this paper. This explains the difference in coefficient of Bj 
found in the two papers.) Note that a similar argument shows that c j = 
whenever — aj 7^ ap(i) and — ctj 7^ ctp(i)- The cj are computed in [LI, Lemma 
2.2] for the cases when > —2 and ©(— a^) = ap^i). 

Note that the generators of B speciahze to the generators of U{g^) as 
q goes to 1. Thus the specialization of BjM.'^Tq is contained in U{g^). 
Moreover the set of spaces {BjM^Tq, J e J} remain hnearly independent 
after specialization. As q goes to 1, since these spaces span B, we conclude 
that B specializes to U{g^). 

The algebra B also satisfies a maximality condition. Indeed, suppose that 
C is a subalgebra of U containing B and that C also speciahzes to U{g^). 
Then by [L2, Theorem 4.9], C — B. The proof in [L2] uses a quantum version 
of the Iwasawa decomposition. The result also follows directly from Theorem 
7.4. The idea is as follows. Recall the notation of Section 6. Set Nq = N^^. 
By (6.6) (interchanging the roles of N^, with N~,), we have 

U=J2 YjM+TN+. 
JeJ 

By induction on \J\ (as in [L2, Lemma 4.3]), one can show that U is spanned 
by the spaces B; Bt, t ^ Tq; and BT(N^)_^. where (A^e)+ augmentation 
ideal of Nq. Let X be in C. Subtracting an element of B if necessary, we 
may assume that X is a linear combination of elements in B{t — l)/(g — 1) 
for t ^ To, and BT{Nq)^. Assume that X is nonzero. Rescale X by a power 
of {q — 1) so that it is an element oi C — {q — 1)C. It follows that X does 
not specialize to an element of U (g^) . This contradiction forces X — and 
thus B^C. 

We have shown that the algebra B satisfies the following properties. 

(7.23) S is a left coideal in U. 

(7.24) B specializes to U{g^). 

(7.25) If B C C and C is a subalgebra of U which speciahzes to t/(g^) then 
B = C. 
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We now turn to characterizing all subalgebras of U which satisfy (7.23), 
(7.24), and (7.25). First, we present two variations which satisfy these con- 
ditions as well. 

Variation 1: For sake of simplicity, we assume first that g is simple. Recall 
the permutation p used in (7.5) . Suppose that there exists an r e {1, 2, . . . , n} 

such that ar ^ Tie and p{r) ^ r. Assume further that (a^, 0(a,.)) ^ 0. Recall 
the Cartan subspace a = {x E h|^^(a;) = —x} and the restricted root system 
S associated to 9 introduced at the beginning of this section. Let (3 be the 
restricted root corresponding to Cr- Note that /3 is just the restriction of 
ar e h* to a*. Furthermore, (ada)[er, ©(/r)] = 2/3(a)[er, ©(/r)] for all a e a. 
In particular, the restricted root system E contains both f3 and 2/3. Thus E 
is nonreduced and hence must be of type BC. One can choose the positive 
roots of E so that each aj restricted to a* is either zero or a simple positive 
root in E. Furthermore, a^- and aj restrict to the same root if and only if 
j — r or j — p{r). It follows from [Kn, Chapter II, Section 8] that there is 
exactly one positive simple root in E such that twice this root is also in E. 
Hence r and p{r) are the only values of j such that (a^, Q{aj)) ^ 0. 

Let c be an element in A = C[g, which specializes to 1 as g goes 

to 1. Define the C algebra automorphism 9c of U by 

9c{Xr) — c9{Xr) 

and 9c agrees with 9 on all other generators of U . Note that 9c is also a 
C algebra automorphism of U which specializes to 9 and restricts to 9 on 
}ATq. Define Bq^ in the same way as Bq using 9c instead of 9. Thus Bq^ 
is generated by 7W, Te, and elements B^ = yiti + 9c{yi)ti for ai ^ hq. 
Moreover, Bf = Bi for i r. Since 9c{yi) is a scalar multiple of 9{yi) for all 
i, the proof of Theorem 7.2 also works for Bg . Hence B^^ is a left coideal 
subalgebra of U. Consider a quantum Serre relation Fij{yi,yj) where either 
i or j equals r. Note that if ©(oj) = —aj then, by the assumptions on 
r, {i,j} = {r,p{r)} and {ai,aj) 7^ 0. Thus as in the proof of Lemma 7.3, 
{noflO Pi j){Fij{B'[, Bj)) 7^ whenever i ^ j. Hence the arguments for Bg used 
to prove Lemma 7.3 and Theorem 7.4 work for Bg as well. In particular, 
Bq satisfies conditions (7.23), (7.24), and (7.25). 

Note that Bq is not isomorphic to Bq via a Hopf algebra automorphism 
of ?7 for c 7^ 1. It appears unlikely in general that two such algebras are 
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isomorphic using just an algebra isomorphism. It should be noted that the 
existence of this one parameter family of analogs is implicit in the proof of 
[L2, Theorem 5.8]. However, it was mistakenly concluded in the paragraph 
directly preceding [L2, Theorem 5.8] that all the analogs of Variation 1 were 
isomorphic to Bq via a Hopf algebra automorphism. 

In the general semisimple case, the one parameter c is replaced by a 
multiparameter c. In particular, each parameter corresponds to a pair of 
roots ai.,ap(i.) such that (ctj^., 6(Q!i^.)) ^ 0. The automorphism 9^ is defined 
in a similar fashion to 9c- Let [©] be the set of automorphisms of the form 
9c- Following the convention in [L3], we refer to B^,, 9' e [©] as a standard 
analog of U{g^). 

Variation 2: Let Si be the subset of vr — vre consisting of those roots cij such 
that Q{ai) = —Ui- Let S be the subset of Si such that il Ui E S and aj G Si 
then 2(aj, aj)/{aj, aj) is even. Let S be the set of n tuples s = (si, . . . , s„) 
such that each Sj is in A = C[g, g~^](g_i) and Sj 7^ implies ctj e S- Given 
9 & [©], let B^^ be the subalgebra of U generated by Tq,M., the B^ for 
Qii e TT — 5, and the B^ s defined by 

for ai e S- In particular, when the entries of s are all zero, B^ s is just equal 
to Bi. 

Note that 

A{Bi,s) ^ti^Bi + {viU + ^-("-"^^Xi) ® l- 

Thus by the same arguments as in Theorem 7.2 , ^ is a left coideal subalge- 
bra of U- Note that if t(A) e Tq and ctj e <S then (A, ai) — 0. It follows that 

fl-Bj.s = -Bj sO for all ai E S and a G MTq. Recall the notation of Lemma 
7.3. To show that B^^ satisfies the conditions (7.23), (7.24). and (7.25), it 
suffices to check for all i ^ j, that (7ro,o o Pij){Fij{Bi^s, Bj^s)) = 0. A 
lengthy but routine computation shows that this holds exactly when the n 
tuple s is in S. 

Following the convention in [L3], the Bg ^, 9 E [Q] are called nonstandard 
analogs of U (g^). A nonstandard analog Bg ^ is not isomorphic to a standard 
analog using a Hopf algebra automorphism of U. However, ([L2, Lemma 
5.7]) B^^ is isomorphic as an algebra to B^. 
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Nonstandard analogs were first observed (to the suprise of the author) in 
[L2, Section 5]. In [L3, Section 2], nonstandard analogs were claimed to exist 
when S is defined using the larger set <Si instead of S. (See in particular the 
definition of S given following [L3, (2.11)] and Theorem 2.1].) Our analysis 
in Variation 2 corrects this point. 

We are now ready to show that the only possible subalgebras of U which 
satisfy (7.23), (7.24), and (7.25) are our standard and nonstandard analogs 
associated to an automorphism in [0]. In particular, we give a new proof 
of [L2, Theorem 5.8] using the approach and results of Section 4. Note that 
when the restricted roots S associated to the involution 9 do not contain a 
component of type BC, then all the analogs described below are isomorphic 
to each other as algebras. This is precisely what Theorem 5.8 in [L2] states. 
On the other hand, by the discussion of Variation 1, if E contains m com- 
ponents of type BC, then there is an m parameter family of analogs up to 
algebra isomorphism. 

Theorem 7.5 A suhalgehmB ofU satisfies (7.23), (7.24), and (7.25) if and 

only if B is isomorphic as an algebra to Bq for some 9 E [0]. In particular, B 
is isomorphic to a standard or nonstandard analog o/f/(g^) corresponding to 
an element 9 in [0] and an element s in S via a Hopf algebra automorphism 
ofU. 

Proof: Wc use the notation of the second filtration introduced in Section 4. 
Let 5 be a subalgebra of U which satisfies (7.23), (7.24), and (7.25). The 
proof of this theorem has three steps: 

(i) BnT = Te 

(ii) Br]U+^M+ 

(iii) gigBnG- = G-. 

More precisely, we first prove that -BflT is a subgroup of Tq and Br\U°U'^ is 
a coideal subalgebra of A4^Tq. We then use the second filtration introduced 
in Section 4 to analyze gr^i? fl G~ and thus prove (iii). This information is 
then used to show that B n U+U" speciahzes to C/(g^) n C/(n+ + h). Next 
we obtain (i) and (ii). The last part of the proof takes a closer look at the 
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generators of B whose tip is in G and show they are of the desired form. 
The details follow. 

Consider the set B n T. By (7.24), i? n T is a subset of Tq. Hence 
B r\T — B (ITq. Note that any element of B can be written as a direct sum 
of weight vectors with respect to B r\T. Hence by (7.25), we may assume 
that B HTq is a group. Condition (7.23) and Lemma 4.2 ensure that B (111° 
is the group algebra generated hj B HTq. Since To is free abelian of finite 
rank, B HTq is free abelian of rank at most the rank of Tq. 

Consider the coideal subalgebra BnU+U" oiB. We show that Br\U^U° 
is a subalgebra of M'^Tq. By Lemma 1.3, B fl C/°C/+ is a direct sum of the 
vector spaces B n G~^T{fi), where r(yu) G T. Suppose that c E B (1 G^T^ji). 
Choose 7 maximal with respect to the standard partial ordering on Q'^{'k) 
so that '7ro,^(c) ^ and 7 e Q^ij^e)- Then by (4.7), 

7ro,-y(c) e G'+t(/x) (8) Y 

where Y e t(// — 7) + ^Y>'yGy_^T{iJ, — 7). Since S is a coideal, Y is an 
element of B. Rescaling if necessary, we may assume that Y is in B — {q—l)B. 
Hence Y specializes to a nonzero element in U{g^). The choice of 7 implies 
that 7' — 7 ^ Q'^i'^e) for all 7' which appear in the definition of Y. Hence, 
r e r(/i - 7) + (g - 1) Ev>7 Gy-^riiJ - 7). But then {q - 1)-\Y - 1) is 
also in 13 and thus specializes to an element of U{g^). This forces r(/i — 7), 
and thus t(/x), to be in Tq. Now consider A maximal such that 7ro,A(c) 7^ 0. 
Then by (4.7), t(/x - A) e Tq. Hence A G Q+{7Tq). Note that if A' g Q+{ti) 
and A' < A then A' is also in Q^{ttq). It follows that c is a sum of weight 
vectors with weights in Q~^{7:q). In particular, c G A4~^Tq and B n U°U^ is 
a subalgebra of M.^Tq. 

We next analyze the part of B whose top degree terms are in To 
do this, we introduce the left B module B/N where N is the left ideal 
B{B n {U^U°)+) of B. (Here ([/+f/°)+ is equal to the augmentation ideal of 
U~^U°.) The filtration Q on B induces a filtration which we also denote by 
Q on B/N which makes gVgB/N into a gVgB module. By Theorem 4.9, the 
only important contributions to this graded module occur in bidegree (m, 0) 
for m > 0. In particular, gXgB/N is spanned by elements h-\-N where 6 G -B 
and tip (6) G G~ . Note that the subspace of G~ of elements of bidegree less 
than or equal to (m, 0) is finite dimensional. Thus the filtration on B/N is 
a finite discrete filtration. Moreover, gr^i? is finitely generated by the image 
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of the generators of B described in Corollary 4.10. Hence we have equality of 
Gelfand Kirillov dimension: GKdim gig[B /N) = GKdim B/N ([KL, Prop. 
6.6]). Now grgB/N identifies with gTg{B)nG- as a left grg{B)nG- module. 
It is straightforward to check that the GK dimension of gigB/N as a gigB 
module is equal to the GK dimension of gigB/N as a gTg{B) fl module. 
Hence, the form of the generators of B given in Corollary 4.10 implies that 
GKdim gXgB/N < dimn~. 

Let r be a Lie subalgebra of g^. A standard argument similar to the argu- 
ment in the previous paragraph yields that the f/(g^) module U{g^) / {U (g^)r) 
has GK dimension equal to dimg^ — dimr. (This follows for example from 
[D, Proposition 2.2.7].) Consider the B module B/N. Write N for the spe- 
cialization of iV at g = 1. By Theorem 4.1, B (1 {U^U°) specializes to the 
enveloping algebra of a Lie subalgebra, say s, of g^. Note that TV = C/(g^)s. 
Now B n U^U° C M^Tq. Hence s is a Lie subalgebra of m+ (g^ nh). The 
map which sends each h+N in B/N to b+N in U{g^)/N allows us to special- 
ize the left B module B/N to the U{g^) module U{g^)/N at g = 1. We can 
choose generating sets for B and B/N which specialize to generating sets of 
U{g^) and U{g^)/N respectively. Hence GKdim B/N > GKdim U{g^)/N. 
Note that 

GKdim U{g^)/N = dimg^ - dims 

> dimg'^ - dim(m+ -f- (g^ fl h)) 
— dim n~ . 

By the previous paragraph, this inequality is an equality. Hence 

GKdim U{g^)/N = GKdim = GKdim G". 

Moreover dims = dim(m+ -|- (g^ n h)). Since s is a subalgebra of m+ -|- 
(g^ n h), it follows that s = m+ (g^ n h). Thus B n U+U° speciahzes to 
[/(m+ + (g^nh)). 

Recall the set A' of Corollary 4.10 used to define the generators of B 
whose top degree term is in G~ . The description of the generators of B in 
Corollary 4.10 implies that GKdim B/N is equal to the number of elements 
in A'. Since the number of elements in A+ is just the dimension of n~, it 
follows that A' = A"*". Hence by Corollary 4.10, B contains elements yiti + bi, 
1 < i < n, where k is in U+U". It follows that tip{B) n G' = G'. This 
proves (iii). 
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Let N' be the left ideal of B{~\U^U° generated by the augmentation ideal 
of B n U°. We can analyze the left B n U+U° module {B n U+U°)/N' in a 
similar fashion to the analysis oiB/N. It follows that BnU+U" = SnAl+T© 
contains elements + Cj G -B for each G tt©. Furthermore, Cj G [/" and 
B n U" specializes to f/(g^ fl h). Now B Cl U° is just the group algebra 
generated by B (ITq. Therefore, rank B HTq = rank Tq. Hence wc can find 
generators of Tq such that a power of each generator lies in B. This in turn 
implies that B can be written as a direct sum of Tq weight spaces. By the 
maximality condition (7.25) of B, we obtain B HTq — Tq. This completes 
the proof of step (i). 

Since Tq G B, any element in U^U° H B = Ai^TQ fl -B is a sum of Tq 
weight vectors contained in B. Thus Xi + Ci G B implies Xi G B. In particular 
B contains Xi for all ctj G ttq. Hence B fl U^U° — M.^Tq and (ii) follows. 

Fix i and consider again the element Uiti -\-hi m. B where hi G U'^U°. 
Replacing hi by another element in U^U° if necessary, we may assume that 
Uiti + &i is a weight vector for the action of Tq. By Lemma 1.3, we may 
further assume that hi G G^ti. First consider the case when G tto- Choose 
(5 maximal with respect to the standard partial ordering on Q{ti) such that 
'^o,i3{hi) 7^ 0. By (4.7), (ttq,/? <S> Id)A{yiti + hi) is a nonzero element of G'^ti <S> 
T{-I3)t,. Hence T{-(3)ti G Tq and (3 G Q+(vre). If < 7 < /5, then 7 is also 
in Q^{tiq). Thus supp(6i) is a subset of {0} x Q^{ti:q). This forces hi to be 
an element of M.^Tq and so yiti G B. 

Now assume that ai ^ tto. Choose (3 such that [0,/3] G max(6). Then 
by (4.11), (ttq,/? ® Id)A{yiti + hi) is a nonzero element of G~^ti (8) r(—(3)ti. 
In particular, T{—j3)ti = T{—f3 + aj) is in To. Since (3 G Q^(7r), it follows 
that (3 G Ui + <5^(7re) or G + Q^(7r0). However, j3 must also be of 
the same Tq weight as — ctj. The only possibility is /? = B(— ctj). By the 
uniqueness property of the Yj j and ^ discussed in Section 6 (see (6.3) and 
the following discussion), the (3 weight term is a scalar multiple of 9{yi)ti. 
Indeed this is necessary in order for A{yiti + hi) to be an element oiU ® B. 
Therefore hi = c6{yi)ti + dti for some scalar c and element d G G^ of bidegree 
less than hideg{e {yi)ti). By (7.23), 

AiyiU + hi) eti(» {yiti + hi) + U^B. 

By (1.8), (1.10), and (7.14), it follows that 

A{dti) eti^dti + U ® M^Tq. 
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Since Q^i ^ TTe, this forces dti to be a scalar multiple of tj. Hence, up to 
a Hopf algebra automorphism of U, the only possibility for B is one of the 
standard or nonstandard analogs of U (g^) . □ 

Let us return for now to our first analog B^. Recall the definition of the 
antiautomorphism k. One checks that K{{aArXj)h) — —{{eidryj)K{b)) for any 
b E U and 1 < j < n. Recall that m{i) — mi-\ h m^. Hence 

K[{adMr^ ■ ■■xt%i^x,^^)] = (ad^ylr^ • --yt^i^). 

A straightforward Uq{sl 2) computation as in the classical case (see (7.8)) 
yields 

Set yj ■ btp(i) = btp(i)q''°'p<-^)'"'^^yj — yjtjbtp^i^tj^ for any b E U and I < i, j < n. 
Note that yj ■ btp^i) = ((adr|/j)6)tp(i). Recall the definition of tt* immediately 
following (7.5). We have 

{-ir%t^---yt^-Bp^^]t;i^U 

= ([(-!)-« (ad^yir^ • • • yt^)y,^)]ti + t^'x^ 
= K{e{yi)U)+q-^'''''''^K{yiti) 

is an element of B^ for each ai E tt*. A similar argument shows that 

is also in Bq for each ai E tt*. Thus one can find a Hopf algebra automorphism 
T in Hk such that T restricts to the identity on M. and Tq and T{B) 
contains K,{T{Bi)) for each ^ TTe. Furthermore, one can show that T(B) 
is generated by ^A, Tq, and the K(T(_Bj)), a,j ^ ttq. Now k(T{M.)) = M. 
and /€(T(Te)) = Tq. It follows that n,{T[B)) = T{B). Hence the results of 
Section 2 hold for B. 

The same argument works for analogs of Variations 1 and 2 provided 
that all entries of the tuples involved are from 'R{q). In particular, let [Q]r 
be the set {^b| all entries of b are in R(g)}. We refer to analogs of the 
form -B6»b,s for 6h E [0]r and all entries of s are in R(q') as real analogs of 
t/(g^). Given 9b E [6]^, one can find T E Hr such that T~^KT{Be^^) = Bg^. 
Furthermore, for any s such that all of its entries are in R(g) , we also have 
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that T^^KT{Bg^ s) = -Bsb.s- Hence, we may apply results of Section 2 to all 
real analogs of [/(g®). 

Consider a real analog B of U{g,^). Given a U module M, set X{M) 
equal to the sum of all the finite-dimensional unitary B submodules of M. 
The next result on basic Harish-Chandra modules associated to the pair U, B 
follows from Section 2. 

Theorem 7.6 Let B be a real analog ofU{g,^) and let M be a U module. 

Then any finite- dimensional U module is a B unitary module and a Harish- 
Chandra module for the pair U,B. Furthermore both F{U) and X[M) are 
Harish-Chandra modules for the pair U, B. 

We continue the assumption that i? is a real analog of U{g^). Using 
the approach of Section 3, we can define the quantum homogeneous space 
associated to B. The left invariants Rq[G]^ are often referred to as Rq[G/K] 
(or Aq[G/K]) in the literature (see for example [NS,(2.5)]). Here K can be 
thought of merely as a symbol or as the complexification of the compact 
Lie group in G with Lie algebra g^. Thus the homogeneous space G/K 
is a symmetric space. The notation Rq[G/K] suggests that the right B 
invariants of Rq[G] is the quantum analog of the ring of regular functions on 
G/K. In [L3], it is shown that S is a "good" analog of U{g^) for constructing 
quantum symmetric spaces in the sense of [Di, end of Section 3]. In particular, 
Rq[G/K] has the same left U module structure as its classical counterpart 
(see Theorem 7.8 below). We summarize this and related results here. A 
good survey on how to construct quantum symmetric spaces which includes 
a description of the classical situation is [Di] . For further information about 
classical symmetric spaces, the reader is referred to [Hel] and [He2] . 

A finitc-dimcnsional U module V is called a spherical module for B if the 
space of invariants has dimension 1. Recall the notion of Cartan subspace 
and restricted root system introduced at the beginning of this section. Let 
a be the Cartan subspace {x G h|6'(a;) = —x} and let S be the associated 
restricted root system. Let Pq be the subset of P'^{n) containing those A 
such that 

(i) (A, /3) = for all P e Q(7r) such that e(/?) = 

(ii) the restriction A of A to a* satisfies {X, j3) / {j3 , is an integer for every 
restricted root (3. 
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The set Pq is exactly the set of dominant integral weights such that the 
corresponding finite-dimensional simple g module is spherical ([Kn, Theorem 
8.49]). By [L3, Theorem 4.2 and Theorem 4.3] we have the same classification 
in the quantum case. 

Theorem 7.7 Let L{X) be a finite- dimensional U module with highest weight 
X up to some possible roots of unity. Then 

(i) dimL(A)^<l. 
Moreover, 

(ii) dim L{Xf = 1 if and only if A e P^. 

We sketch the proof here and refer the reader to [L3] for full details. Let 
vx denote the highest weight generating vector of L{X). Recall that for each 
y G G~ there exists a b & B such that b = y+ higher weight terms. Now 
I/(A) is spanned by weight vectors of the form yvx where y e G~ . Hence 
(lmiL[X)/ B^vx < 1 where S+ is the augmentation ideal of B. Statement (i) 
follows from the fact that B'^vx n -^(A)^ is empty. A careful analysis using 
the form of the generators of B further shows that vx £ B^vx if and only if 
A ^ P@ . This in turn implies (ii). The argument turns out to be much more 
delicate when i? is a nonstandard analog. □ 

Theorem 7.7, the Peter-Weyl decomposition of Rq[G\, (3.1), and (3.4) 
imply the following characterization of Rq[G\f as a right U module. 

Theorem 7.8 There is an isomorphism of right U modules 

There is an analogous statement for the right B invariants of Rq[G]. One 
can also describe the B bi-invariants in a nice way. Identifying L{X) with a 
subspace of Rq[G]f , set n{X) = Rq[G]J^ n L(A). Note that n{X) is a trivial 
left and right B module. Moreover, by Theorem 7.7, 'H{X) is one-dimensional 
if A e Pq and zero otherwise. The following direct sum decomposition into 
trivial one- dimensional B bimodules is thus an immediate consequence of 
Theorem 7.8. 
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Let A be the subgroup of T consisting of those elements r(A) such that 
©(A) = —A. Thus A can be thought of as a quantum version of a. Let Wq de- 
note the Weyl group associated to the restricted root system E. Since E C a*, 
a and hence A inherit an action of Wq. The author has recently shown that, 
Rg[G]^^ is commutative and moreover is isomorphic to C(g)[^]^®. Thus, the 
?f(A) are natural choices of quantum zonal spherical functions (see [Di, the 
discussion concerning (3.4)]). In special cases, these quantum zonal spher- 
ical functions have been determined to be Macdonald polynomials or other 
q hypergeometric series (sec for example [K], [N], [DN], [NS]). Preliminary 
work by the author suggests that this should be true in general. 

It should be noted that these papers use analogs of U{g^) whose definition 
differs from the definition of the Bg and its variations found in this paper. 
In [NM], one-sided coideal subalgebras are used. By [L2, Section 6], using 
Theorem 7.5, these are shown to be examples of the analogs presented here. 
In other papers, two-sided coideals analogs of are used. The specialization 
of these two-sided coideals generate a much larger subalgebra than U{g^). 
The important object in these papers, used to define quantum symmetric 
spaces, is the left ideal generated by these two-sided coideals analogs of g^. 
It seems likely that these left ideals can be shown to be generated by the 
augmentation ideal of one of the analogs presented here. This is certainly 
true for the left coideals studied in [K] and also for those in [N] ( combine 
[N, Section 2.4] with [L2, Section 6]). 
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